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^ ' Abstract. In [41ll51j . the dynamics of the solutions for the focusing energy-critical Hartree 

, equation have been classified when E{uo) < E{W), where W is the ground state. In this 

paper, we continue the study on the dynamics of the radial solutions with the threshold 
O , ' energy. Our arguments closely follow those in [161 1171 1181 1431 144| . The new ingredient is that 

'J 2d , 

■^C ' we show that the positive solution of the nonlocal elliptic equation in L<i-2 (R ) is regular 

and unique by the moving plane method in its global form, which plays an important role 
in the spectral theory of the linearized operator and the dynamics behavior of the threshold 
solution. 

< 

^ • 1. Introduction 

We consider the focusing, energy-critical Hartree equation 

idtu + Au+ {Ixl''^ *\u\^)u = 0, {t,x)eM.xR'^ (1.1) 

where d > 5 in this context. The Hartree equation arises in the study of Boson stars and 
other physical phenomena, please refer to [61]. In chemistry, it appears as a continuous- limit 
^SJ ' model for the mesoscopic structures, see |22j . Moreover, (jl.ip enjoys several symmetries: If 

, u{t, x) is a solution, then 

(a) by scaling: so is A — -u{\~^t,X-^x), A > 0; 
, (b) by time translation invariance: so is u{t + tQ,x) for to £ I^i 

(c) by spatial translation invariance: so is u{t,x + xq) for xq G R*^; 

(d) by phase rotation invariance: so is e*^"n(t,x), Oq G M; 

(e) by time reversal invariance: so is u{—t,x). 
^ , The local well-posedness for the Cauchy problem of (jl.ip was developed in [71[50]. Namely, if 

uq G H^iW^), there exists a unique solution defined on a maximal interval / = {—T-{u) ,Tj^{u)) 
and the energy 

E{u{t)):=\ I \Vu{t,x)fdx-l [[ Ht^^)\'H^^y)\' dxdy = E{uo) (1-2) 

is conserved on /. The name "energy critical" refers to the fact that the scaling 

u{t, x) uxit, x) = \~^u {X'h, A~^x) , A > (1.3) 

makes the equation (jl.ip and its energy (jl.2p invariant. 

There are many results for the energy-critical Hartree equation. For the defocusing case, 

Mia„.etc.t.keadva„ta.e„fthete..- / / |„Pa(A)<<.^. i,Uhe localised Mo.awet. 



> 
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identity, which is related to the hnear operator idt + A to rule out the possibility of energy 
concentration, instead of the classical Morawetz estimate dependent of the nonlinearity and 
thus obtain the global well-posedness and scattering of the radial solution in [39]. Subse- 
quently, Miao, etc use the induction on energy argument in both the frequency space and 
the spatial space simultaneously and the frequency-localized interaction Morawetz estimate 
to remove the radial assumption in [53]. 

For the focusing case, the dynamics behavior becomes complicated. It turns out that the 
explicit ground state 

W{x) = Co ( ^ ^ ,A ' withco>0,t>0 (1-4) 
-I- 

plays an important role in the dynamical behavior of solutions for (jl.ip . Miao, etc, make use of 
the concentration compactness principle and the rigidity argument, which are first introduced 
in NLS and NLW by C. Kenig and F. Merle in [301 EI], to show that 

Theorem 1.1 ([HIET])- Let u he a solution of (jl.ip with 

UQ e i7i(R'^), E{u) < E{W). 

Then 

(a) if \\Vuo\\ ^2 < W'^WW J 2, then I = M. and \\u\\ %d . < oo; 

(b) if ||Vuo||^2 > ||^^||l2' '^'^^ either uq G is radial or x ■ uq ^ L'^ , then T± < oo. 
For other dynamics results of the Hartree equation, please refer to [6l [25 | [35l [36| IITI |42| [50l 

In this paper, we continue the study on the dynamics of the radial solutions with the 
threshold energy E{W). Our goal is to give the classification of the solutions, that is, the 
initial data uq G H^{W^) is radial and satisfies 

E{uo) = E{W). (1.5) 

In this case, the classification is more abundant than that in Theorem 11.11 Clearly, is a 
new solution which doesn't satisfy neither conclusion in Theorem ll.il Besides W, there also 
exist two other special radial solutions W^. 

Theorem 1.2. There exist two radial solutions of (jl.ip with initial data such that 

(a) E(VF±) = E{W), r+(VF±) = oo and 

lim W^(t) = W inH^. 

(b) ||VTyQ"||2 < ||VTy||2, T-{W~) = oo and W~ scatters for the negative time. 

(c) IIVW0+II2 > IIVVFII2, andT_{W+) < 00. 

Next, we characterize all radial solutions with the threshold energy as follows: 

Theorem 1.3. Suppose uq € H^(M.'^) is radial, and such that 

E{uo) = E{W). 

Let u be a solution of (II. ip with initial data uq and I be the maximal interval of existence. 
Then the following holds: 

(a) //||Vtto||2 < 11^^112' then / = M. Furthermore, either u = W~ up to the symmetries 
of the equation, or 1 1 nil 6d < 00. 
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(b) // ||Vuo||2 — 11^^112' ^^^'^ u = W up to the symmetries of the equation. 

(c) // ||Vno||2 > 11^^112' '^"'^ ""0 £ L'^{M.'^), then either u = W'^ up to the symmetries of 
the equation, or I is finite. 

Because of the radial assumption, the symmetries of the equation in the above theorem 
refer to the symmetries under scahng, time translation, phase rotation and time reverse. 

Now we begin with a brief recapitulation of some important dynamics results for NLS, 
NLW and NLKG that have been derived so far. The orbital stability of the soliton for the 
L^-subcritical NLS in the energy space was settled by Weinstein [691 170) . Berestycki and 
Cazenave [1], Cazenave and Lions [9]. In detail, Weinstein obtained the quantitative analysis 
(modulation stability analysis), while Berestycki, Cazenave and Lions gave the qualitative 
analysis. After the successful applications of the concentration compactness principle (the 
profile decomposition [3l|28l[32]) into the global existence and scattering theory for the H^- 
critical NLS and NLW with the energy less than that of the ground state in [305'31], Duyckaerts 
and Merle combined the spectral theory of the linearized operator, the modulational stability 
of the soliton with the concentration compactness argument to classify the solutions with the 
threshold energy for the i/^-critical NLS and NLW in I17j. Subsequently, Duyckaerts and 
Roudenko dealt with the 3D cubic NLS case in [18]. Li and Zhang obtained the dynamics 
of threshold solutions for the focusing, iJ^-critical NLS and NLW in the higher dimensions 
in [4:3\ 133] . For the more recent progresses on the global dynamics above the ground state 
energy of NLS , NLW and NLKG, please refer to [371 |38l EZl EH EH |60] . 

The paper is organized as follows. The main structure of the paper is reminiscent of that 
for the NLS and NLW in [HI [13 HSl |33l |33] . The new ingredient is that we show that the 

2d , 

positive solution of the nonlocal elliptic equation in L'i''^{M. ) is regular and unique by the 
moving plane method in its global form, which plays an important role in the spectral theory 
of the linearized operator and the dynamics behavior of the threshold solution. 

In Section [21 we recall the Cauchy problem, the properties of the ground state. We also 
state the spectral properties of the linearized operator C around W, which is deduced from 
the property of the null space of the linearized operator in L'^^^; Under the condition E{uq) = 
EiyV), we can identify a quadratic form B associated to the linearized operator C and use 
the property of the null space of the linearized operator to find two subspaces n H^^^ and 
n H^.g.j^ in H^, where the linearized energy $ is positive (coercive), avoiding the vanishing 
and negative directions. These decompositions will play an important role in establishing the 
modulational stability in Section [3] and analyzing the uniqueness of the exponential decaying 
solutions to the linearized equation in Section [71 respectively. 

In Section [3l we construct two special solutions of (II. ip except for the negative time 
behavior by use of the knowledge about the real eigenvalues of the linearized operator C and 
the fixed point argument, which gives the proof of Theorem 11.21 except for the negative time 
behavior. 

In Section [H we make use of the variational characterization of W and the implicit function 
theorem to discuss the modulational stability around W , then we make use of the positivity 
of the linearized energy $ in n H^^d identify the scaling and phase parameters in the 
modulational stability which are closely related with the gradient variant 6{t) of the solution 
away from W . In particular, there parameters are linearly dependent of 5{t) in the interval 
with small gradient variant. 

In Section [5] and Section [6l we study the solutions with initial data satisfying Theorem 11.31 
part (a) and (c). Main techniques are to make use of the virial argument and the concentration 
compactness argument to obtain the exponential decay ()5.13p and ()6.20p of the gradient 
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variant 6{t) for the large (positive) time, which will imply the exponential convergence in 
the (positive) time direction to W (up to scaling and phase rotation) by the modulational 
stability, and also obtain the proof of Theorem 11.21 for the negative time behavior. 

In Section [71 we first use the positivity of the linearized energy <^ in G± n i^^ad ^° analyze 
the property of the exponentially decay solution of the linearized equation, then apply it to 
establishing the uniqueness of the special solutions, this will imply the proof of Theorem 11.31 

Appendix |S] contains proofs of the uniqueness of the ground state in L'^-^ by the moving 
plane method in its global form. Appendix [B] and ICl contain proofs of the spectral properties 
and positivity of the linearized operator in Proposition 12.141 and Proposition 12 . 1 5l 

Acknowledgements. The authors are partly supported by the NSF of China (No. 10725102, 
No. 10801015). The authors would like to thank Professor W. Chen, F. Lin and K. Nakanishi 
for their valuable suggestions. 

2. Preliminaries 

2.1. The linear estimates and the Cauchy problem. Li this section, we recall some 
results on the Cauchy problem of (|l.ip . Let / be an interval, and denote 

Z{I) := (^/; {W^fj , S{I) := (^I; (M'^)) , N{I) := lI (^I; I 

/(/) = Z{l) n (/; w''^H^')) , Hin) ■■= HzH) + \\^4siiy 

A solution of (jl.ip on an interval / with € / is a function u G C^{I,H^{W^)) such that 
u £ Z{J) for all interval J <^ I and 

u{t) = e**^no + i e'^'-'^^ (^-^ * \u{s, ■)\^^ (x) u{s, x) ds. 

Lemma 2.1 ([71 [67]). Consider 

jidtu + Au = f, X eR"^, t e[0,T), 

\n(0) =no G H\ 
where V/ S N{0,T), then we have 

jup^ \\u\\^, + ||n||^(Q^y^ < C (iholUi + ||V/||^(o_^) 



(2.1) 



Lemma 2.2 ( |26l I63j). For a S (0, d), there exists a constant C{d,a) such that for any 

^ ^^^^ dy <C{d,a)\\f\\ ^ 



y]^d—a 



Lemma 2.3 (O [231 [3l]). For every f G H^{R'^), there exists a constant C such that 



d-2 2 
" d 



Theorem 2.4 ([3 [SO]). For any uq € H^{R'^) and to £ there exists a unique maximal- 
lifespan solution n : I x M'^ — t- C to (|1.1|) with u{tQ) = uq. This solution also has the following 
properties: 

(a) I is an open neighborhood of to. 
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(b) The energy of the solution u are conserved, that is, for all t £ I, we have 

E{u{t)) = E{uq). 

(c) Ifu^Q^ is a sequence converging to uq in and u*-"^ : I*-"^ x — )• C are the associated 
maximal- lifespan solutions, then tt^") converges locally uniformly to u. 

(d) There exists rjo, such that if ||?^o||^i < ^o, then u is a global solution. Indeed, the 
solution also scatters to in . 

2.2. Properties of the ground state. Consider the nonlocal elliptic equation 

-AW{x)= [ M^dyVF(a;), x G M"^. (2.2) 

jRd \x - 

(jl.4p is an explicit solution of (|2.2p . Using the moving plane method in its global form, we 

2d , 

will show that W is the only positive solution of (|2.2p in L<*-2 (M°) in Appendix[Sl up to the 

2d 

symmetries of ()2.2p . Moreover, the uniqueness still holds for the positive solution in L^J^^ (R'^). 
Hence, we have 

Lemma 2.5. The elliptic equation (|2.2p has a unique positive, radial decreasing solution 

2d , 

W{x) = W{\x\) in L'^-'^iM. ), up to the spatial translation, scaling and the Kelvin transform. 

Combining the sharp Sobolev inequality [21 |47l |66] with the sharp Hardy-Littlewood- 
Sobolev inequality [461 147] . we have the following variational characterization of W. 



Lemma 2.6 ([H]). For any uj £ H^{M.'^), we have 

^\(jj{x)\'^\tj{y)\'^ dxdy ] <C*||Va;||2 



1 . . XV4 



\x — y\ 

where C* = C^{d) is the best constant. Moreover if 

1/4 

2' 



f rr 1 I ,2, ,2 Y'^ I, I 

// I i7 P(^) r^(y) dxdy ] = C* Vu 

KJjRdy^ud |x - ' J 

then there exist Xq > 0, xq € K^,^o G [0)27r), such that 

Uj{x) = c'^^^Xq^W {Xq\x + Xq)) . 



From (12.21) and Lemma 12.61 we have 



\\VW\\l = C-\ Ei,W) = C-^l\. (2.3) 

Using the characterization of W in Lemma 12.61 the refined Sobolev inequality in Lemma 
and the similar concentration compactness principle (profile decomposition in Hj:^^) to 
the proof of Proposition 3.1 in [55], we can show that 

Proposition 2.7. Let u G H^iW^) he radial and E{u) = E{W). Then there exists a function 
£ = e(p), such that 

inf \\ue n — W\\ij^ < eidiu)), lim e(p) = 0, 



.here = and S(u) = / (\Vuf - |V»f ) 



dx 
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Proof. Suppose the contrary holds. Let Un € be any radial sequence and satisfy 



E{un) = E{W), and [ (\Vunf-\VW 



dx 



0. 



(2.4) 



Hence, there exists a subsequence of {un\'^=i and a sequence {?7*--''*}j>i in Hl^^ and for any 
J > 1, a family {An} such that 

(1) If j 7^ A;, we have the asymptotic orthogonality between {An} and {A^}, i.e. 

An A^ 

— r H : > +00, as n — )• +oo. 

\^ 

An 

(2) For every Z > 1, we have 
I 



n{x) = V - — , ]d-2)/2 ^^^^ ( Vr ) + ^^^'^ , ^™ limsup I 



r, 



I 

n\\B. 



1 

2,oo 



0. 



(3) We have 



li^=Ell^^n'^lli^ + ll^^n||i2+0n(l). 
J = l 



By Lemma 12.2^ Lemma 12.31 and the orthogonality between An and A^ for j ^ k, we have 



// 

J Jk 



lim limsup / / 

/->+oo n-s>+oo J Jm 



— dxdy = 0, 



\x - y\' 
By Lemma l2.6t we have 



\x-y\' 



dxdy = lim > 

j-S-+oo ^ 



|C/(j')(x)|^|C/(^')(y)| 
\x - y\^ 



dxdy. 



c: 



thus, 



\x-y\^ 
|C/(j')(x)|^|f/(^')(y)f 



\x - y\- 



dxdy<^\\VU(-^^\\l,. 



This yields that 



< lim lim sup — 

n-^+oo ; 



Elivf«lll. 



E 



C/(^)(x)nC/0-)(2/) 



dxdy 
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I 



^||V[/0-)"2 



L2 



< lim lim sup ■ 



3 = 1 



\x - y\ 



dxdy 



< lim 



L2 



|^n(3:)| \Un{y)\' 

\x — y\^ 



c: 



dxdy 



where we use (El 
nonzero, and 



in the last step. Therefore, we conclude that only one profile C/^-'^ is 



c: 



|v[/(^o)||^. 



By Lemma 



\x-yr 

there exist 6q ^ [0, 27r), Aq > such that 



dxdy 



[/(io)( 



-1, 



This contradicts the assumption and we completes the proof. 

2.3. The gradient separation. By the convex analysis in [51], we first have 



□ 



V'uGij\ E{u)<E{W), ||Vn|| < IIVVFl 



yueH\ E{u)<E{W), ||Vn|| > IIVH^I 



Vn 



^< E{u) 



Vn 



> 



E{W)' 

E{u) 
E{W)' 



(2.5) 



This, together with the energy conservation, the variational characterization of W and the 
continuity argument, implies that 

Lemma 2.8. Let u G H^{W^) be a radial solution of (jl.ip with initial data uq, and I = 
{—T^,T^) its maximal interval of existence. Assume that E[uq) = E{W), then 



(a) if\ 




l2< 


\vw\ 


2' 


then 


Vn(t) 2 < \\yW\\^ for t I . 


(b) if\ 


Vito 


2 ~ 


\vw\ 


2' 


then 


u = W up to the symmetry of the equation. 


(c) if\ 


Vito 


l2>l 


\vw\ 


2' 


then 


\\Vu{t)\\^> \\VW\\^fortGl. 



Proof. The proof is analogue to that of Proposition 3.1 in |51] . 

2.4. Monotonicity formula. Let 0(x) be a smooth radial function such that 
for |x| < 1 and </>(x) = for |x| > 2 . For R > 0, define 



\x 



□ 

2 



Vnit) 



(2.6) 



(f)ii{x)\u{t,x)\ dx, where (/>ij(x 
Lemma 2.9 ([lUET]). Let u(t,x) be a radial solution to (jl.ip . VR{t) be defined by (j2.6p . then 
dtVuit) = 29 / uVu- V(t)R dx, 
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d'^Vnit) = 8 / Vu{t,x) 



dx-8 



|n(t,x)p|n(t,y)|- 
\x-y\^ 



dxdy + AR[u{t)), 



where 



AR{u{t)) 



+ 8 
- 8 



>"(^) -8^ |Vt.(t,x)|'(i:E + ^^ (-AA0/j(x))|n(t, 

x{x - y) 



x)^dx 



1 



2\x\"' R' J \x- y|6 

1 ^ j.ii\y\\\ yi^-y) 



\X - T/l*: 



n(t, x)p|n(t, dxdy 
n(t, x)p|n(t, y)p dxdy. 



2.5. Preliminary properties of the linearized operator. We consider a radial solution 
u of (jl.ip close to W and write u as 

u{t,x) = W{x) + h{t,x), 

then /i satisfies that 

idth + Ah = Vh + iR{h), 
where the linear operator V and the remainder R{h) are defined by 



Vh :-- 



* \W\'^)h-2 



R(h) -.= {[1 ■ * \h\^yw + h) + 2i[\ ■\-U{Wm)^h. 



(2.7) 
(2.8) 



In the following context, we will always denote the complex value function h = hi + ih2 = 
(hi, h2) without confusion. Let hi = ^h and /12 = ^h. Then /i is a solution of the equation 











dth + Ch = R{h), C:- 
where the self-adjoint operators L± are defined by 

L+hi := - A/ii - * \W\'')hi - 2(^ * {Whi) 

L_/i2 := - A/i2 ■ 



T*\W?)h2. 



(2.9) 

(2.10) 
(2.11) 



Now we first give some preliminary estimates about the linearized equation ()2.9p . 
Lemma 2.10. Let V , R he defined by l\2.7\i and (|2.8p . respectively, I be a interval with \I\ < 1, 

2d , 

and g,h e 1{I), u,v e Ld-2(M^), then 

l|V(^^)L(,)<|/|^||/i|L(,), (2.12) 



II ||2 , ||L||2 



(2.13) 



\V{R{g) - R{h)) ||^(,^ <\\g- hl^^^ {\I\H\\9l^j) + 

\R(u) — R(v)\\ 2d S, \\\u\\ 2d + \\v\\ 2d + llulP + Ikll^ _2d_ ) ||u — ull 2d. (2.14) 

I ' ' '''Ld+2md\'^ V" "Ld-2 II ''Ld-2 II llLd-2 II llLd-2yil llLd-2 



Proof. By Lemma 12.21 and Holder's inequality, we have 

|2 



\V{Vh)\ 



N(i) ^ \Mz{i)\\^Hs{i) + W\\z{i)\\'^^\\s(i)\Mz[iy 
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Since W G Lf"* n we have that 

IIW^II < IIVl^ll < III 

Ir^ llz(/) ~ I-"! ' \\s{i) ~ I I 

This imphes (j2.12p . The analogue argument gives that 

p{m-Rm\Nii) 



+ 
+ 
+ 
+ 



v(5-^)L(/)ll5 + ^L(/)i^i^ 



1^^ - Hz{i)\Pns{i)\mz{i) + (5 + ms(i)Mz{i) 

z(/)ll^llz(7) 



g-h\ 



Z(I) 



y\n\\9\\z[i) + \\Hz{i)) + + w^Hsu) 

^ll5-HL(/)((i^i^ + m^)(Nlz(,) + II^IL(,)) 

In addition, (|2.14p holds by Lemma 12.21 This completes the proof. 



I 11^ -lII/,11^ 

|5'||i(/) + lrll/(/) 



□ 



Due to the emergence of the linear operator V in the linearized equation (j2.9p , we will often 
use the following integral summation argument. 

Lemma 2.11 ([16j). Let to > 0, p G [l,+oo[, ^ E a normed vector space, and f £ 
^ioc^^o,+oo; E) such that 

3to > 0, 3Co > 0, V t > to, \\f\\Lp{t,t+ro,E) < Coe'^'. (2.15) 

Then for t > to, 



LP{t,+oo,E) < Y 



-, if ao < 0; 



LP{to,t,E) 



< , if ao > 0. 



1 _ g-aoTo 

By the Strichartz estimate, Lemma 12.101 and Lemms [2.11l we have 

Lemma 2.12. Let v be a solution of ()2.9p with 

\\v{t)\\^,<Ce-^^' 

for some C and ci > 0, then for any admissible pair {q,r), i.e. 

2 /I 1\ r n 

- = di^--), gG 2,+oo, 
q \2 r J 

we have for large t 



(2.16) 
(2.17) 



I lll(t,+oo) II II LI {t,+oo;L^) — 



Proof. For small tq, by the Strichartz estimate and Lemma 12.10^ we have on / = [t,t + tq] 

<Ce-^i* + C\\V{Vh)\\^^j^ + C\\VR{h)\ 

<Ce-^i* + C|/|l 



rlu(/) + '^IIl9(7;L'-) 



l7V(/) 



I -ull^lP -i-\\h\\^ 

\i(i} + ll"'lu(/) lnlu(/)- 
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By choosing sufficiently small tq, the continuous argument gives that 

+ l|VHL«{/;L'-) ^ 

This implies the desired result by Lemma 12.111 □ 

2.6. Spectral properties of the linearized operator. Due to the symmetries of (jl.ip 
under the phase rotation and the scaling, we know that the elements 

iW G L'^iM.'^), W ='^^^W + X-VW e L'^iM'^) 

belongs to the null-space of C in Lf.^^. Indeed, they are the only elements of the null-space of 

Lemma 2.13. Let £ be defined by (j2.9p . Then 

{u£ Lf.^^{R'^),Cu = 0} = span{iW,W}. 

Namely, 

{u e L2^rf(M'^),L„n = 0} = span{W}- {u e L^^rf(]R'^), L+n = 0} = span{W}. 

Proof. We prove it by the oscillation properties of Sturm-Liouville eigenvalue problems. Note 
that L^W = and the ground state W is non-degenerate (Lemma 12. Sp . we know that 
{u G -Z^rad' -^-^ = 0} = spanjPF}. Hence it suffices to show that 

{u G L'^ad-: -^+'" = O} = spanjVF}. 
For the radial function, by the spherical coordinates (see \26\ 1641). L^v = can be written as 

Aov{r) = -^v - ^v- / p'^-'V - W{pf dp v{r) 

dr"^ r dr Jq \p J 



oo 



.'i-Sy ( - ) W{p)v{p) dpW{i 



p V \ - j w {p}v{p} ap w[r} 

where 

1 . r (1-^^)^ 



(p2 _ 2ps + 1)2 

and 'B'^^^ denotes the unit sphere in and ijJd-2 denotes the area of the unit sphere §"^"2 

From (VF, AqVF) < 0, we know that the first eigenvalue is negative. By the nonnegative 
of on {Al^}^ in Step 1 of Appendix |B] and the Courant's min-max principle [47j, we 
conclude that the second eigenvalue is nonnegative. Note that AQW{r) = and W ^ L? have 
only one positive zero, we know that is the second eigenvalue, and by the Sturm-Liouville 
theory, we conclude the desired result. □ 

Now we define the linearized energy $ by 
^{h) ■.=]- j {L+hi)hi dx + l [ (L_/i2)/i2 dx, (2.18) 
1 f I |2 1 ff \W{x)\^\h^{y)\^ ff W{x)hi{x)W{y)hi{y) 



2 2 yy^dxiRd \x — y\'^ J JRdxR'i- \x - y\^ 

+ \ f \yh^^ ^ |W^(:E)|2|/i2(y)p 
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We denote by B{g,h) the bilinear symmetric form associated to 

B{g,h):=\f {L+gi)hidx + l [ {L^g2)h2 dx, ^ g,h € H\R''). (2.19) 

Let us specify the important coercivity properties of ^. Consider the three orthogonal 
directions W,iW, and W in the Hilbert space H^{R'^,C). Let H := span{W,iW,W}, and 

■.= \^veH\{iW,v)j,^={W,v)H^ = {W,v)^^=o} 
denotes the orthogonal subspace of H in H^. 

Proposition 2.14. There exists a constant c > such that for all radial function h G H^, 
we have 

> c||/i|||i. (2.20) 

Proposition 2.15. Let cr{C) be the spectrum of the operator C, defined on L'^{W^) with 
domain and let aess{^) be its essential spectrum. Then we have 

(a) The operator C admits two radial eigenf unctions y± G 5(M'^) with real eigenvalues 
ibeo, eo > 0, that is, Cy± = ±eo3^±, 3^+ = 3^-, eo > 0. 

(b) There exists a constant c > such that for all radial function h G G±, we have 

$(/i) > c||/i||5^i, 

where 

G^ = [veH\{iW,v)^, ={W,v)^, =B{y±,v) = ^]. 

(c) (Jess{C) = {ie : e e }, ct{C) n M = {-eo, 0, eo}. 

The proof of Proposition 12.141 and Proposition 12.151 are analogue to that of Claim 3.5, 
Lemma 5.1 and Corollary 5.3 in [16j. For the sake of completeness. We prove it in Appendix 
|B] and Appendix ICl 

Remark 2.16. As a consequence of the definition of $ and B, we have for any f,g € 
H\Cf,Cg G H\ and h £ 

<^(iW) = ^{W) =^{y±) = 0, ^{W) = -\\VW\\l<0, (2.21) 
B{f,g)=B{g,f), B{Cf,g) = -B{f,£g), (2.22) 

B{iWJ)=B{W,f) = 0, B{W,h)=0. (2.23) 
Corollary 2.17. As a consequence of Proposition \2. 14\ we have 

B{y+,y_)^o. (2.24) 

Proof. If B{y+,y-) = 0, then for any h G spanjil^, W, y±}, which is of dimension 4, we have 

$(/i) = 0. 

But by Proposition 12.141 we know that $ is positive on H-^ n H^^^, which is of codimension 
3. It is a contradiction. □ 

Remark 2.18. As a consequence of Proposition [2?T5| we have Lemma [2. 131 In fact, it suffices 
to show the inclusion relation "C". If the dimension of {n G L"^^^, Cu = O} was strictly higher 
than two, we could find Z G L'^^^, / 0, such that CZ = 0. Let 
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which imphes that CZ' = and 

=0, (Z', 1^)^1=0, Biy^,Z') = ±-B{Ly^,Z') = ^B{y^,LZ') = ^. 

Thus Z' £ G±\{0}. While ^(Z') = {CZ',Z')l2 = 0, which contradicts the coercivity of $ on 
G± n H}^^. 

Corollary 2.19. As a consequence o f Proposition [2.15\ we have 

j VW ■ Vyi dx / 0, where yi = (2.25) 
Proof. On one hand, we have 

On the other hand, by (g^I), we know L+{W) = 2AVF. If = 0, then by <^?m . we 

obtain 

eoB{y±,W) =B{Cy±,W) = -B{y±,CW) 

= -\j L-y2 ■L+{W) = ^J eo3^i • L+{W) = J eo3^i ■ AW = 0, 

II 1 1 2 

which means that W S G±. By Proposition 12. 15[ we have > This contradicts 

the fact ()2.2ip . This completes the proof. □ 

3. Existence of special solutions 

In this section, we first construct a family of approximate solutions to (jl.ip by making use 
of the knowledge about the real eigenvalues of the linearized operator C, and then prove the 
existence of C/" by a fixed point argument around an approximate solution. 

3.1. A family of approximate solutions converging to as t — t- +oo. 

Proposition 3.1. Let a G M. There exists a sequence of functions {Zj)j>i in 5(M'^) such 
that Zf = ay^, and if 

k 

hUt,x) :=^e-^'=°*^;, A;GZ+, (3.1) 

then as t ^ +oo, 

■=dthl + Chi - R{hl) = 0(e-('=+^)"°*) in 5(M'^). (3.2) 

Remark 3.2. Let 

Ui{t,x):=W{x) + hl{t,x), (3.3) 

then as t — )• +oo, 

6fc ■.=idtUi + AU^ + * m^)uS = 0(e-(^'+i)'=o*) in 5(M'^). 

Proof of Proposition COl We prove it by induction. Note that /if := e~^°^Zf, we have 

dthl + Chi - R{hl) = -R{hl) = -R (e~"o*^i") . 

By the definition of (j2.8p . we know that R has at least the quadratic term, this implies that 
R (e-^o*Z^) = 0(e-2^o*). Therefore, we conclude ([32]) for k = l. 
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Let k > 1 and assume that there exist Zf , . . . , such that satisfies (|3.2p , then there 
exists £ S such that, as t — )• +00, 

dthl + Chi = Rihl) + e-^'^+i^^o^^Yfc^i + O (^e-^k+2)e,t^^ ^ 
By Proposition 12.151 (A; + l)eo is not in the spectrum of C. Define 

:=-(£- (A; + l)eo)-^Z^fcV. 

By the similar argument as in the proof in |16|, Remark 7.2], we know that that Z^j^^ S 5. 
Then we have 

dt [hi + e-e^+^^^^^Z^+i) +C(hl + e-('=+^)"«*Z^+i) = R{hl) + O (^e-(^'+2)^o*) . (3.4) 
Denote 

By ([33]), hlj^^ satisfies 

dthl^^ + Cht^, - R{hl_,,) = R{hl) - R{hl_,,) + O (e-(^+2)eoi^ ^ ^ (3 5) 

Since 

h'^ = O (e-^o*) for j = k,k + l, and /i^ - /i^+i = 0(e-('=+^)^«*) as t ^ +00, 
we obtain 

R{ht) - R{hl_^i) = O (^e-('=+2)'^«*) as t +00. 

This together with ()3.5p shows the desired estimate ()3.2p for /c + 1, so we completes the 
proof. □ 

3.2. Construction of special solutions near an approximate solution. Now we prove 
the existence of the special solution with the threshold energy by a fixed point argument. 

Proposition 3.3. Let a G M. There exist /cq > and to ^ such that for any k > ko, there 
exists a radial solution [/" of (jl.ip such that for t > to 

\\U^ - mkt,+oo) < e-^'+'2>°\ (3.6) 

Furthermore C/° is the unique solution of (jl.ip satisfying (|3.6p for large t. Finally, [7° is 
independent of k and satisfies, for t > to, 

WU^it) -W - ae-^'^'y+Wjj, < e-t^^o*. (3.7) 

Proof. The function U"" is solution of (jl.ip if and only h"" := U"" — W is solution of 

dth" + Ch" = Rih"). 

By O, hi ■=U^-W satisfies that 

dthl + Chl = R{hl) + ek. 

Therefore, U"- satisfies p.ip if and only ii e := U"- — = h°- — hi satisfies 

dte + Ce = R{hl + e) - Rihl) - Sk- 

This may be rewritten 

idte + Ae =Ve + iR{hl + e) - iR{hl) - isk- (3.8) 
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Let 

/ + 00 , . 

ei(*-«)A (^iyg(^) _ ^^a(^^^ + + RihUs)) + Sk{s))ds. 

It is easy to see that the solution [/" of (jl.ip satisfying p.6p for t > io is equivalent to the 
fixed point of the following integral equation 

Vt>to, eit) = Mkie)it) and ||e|b(i,+o,) < e^C^+^W. (3.9) 

Let us fix k and fg- Denote 

Ef := \e £ Z(to,+oo), Ve G 5(to,+oo); ||e||efe := sup e('^+^)^ot ||g|| < 

' t>to ^ 

:= {e G Z(to,+oo), Ve G 5(to,+oo); sup e('^+5)'="*||e|b(,,+^) < l}. 

t>to 

The space is a Banach space. In view of p.9p . it is sufficient to show that if to and k are 
large enough, the mapping A^^ is a contraction on 

Let e G .Bf , A; > 1. By the Strichartz estimate, we have 

\\Mk{e)\\i^t,+oo) < C*(||V(ye)|U(,,+oo) + \\V{R{ht + e) - Rm)\\mt,+oo) + l|Vefc|U(i,+oo)) • 

We first estimate ||V(ye) ||jv(t,+oo)- Let tq G (0,1). By Lemma [2.101 we have 

l|V(Fe)|U(,,+.„) < Cr| ||e||,(,^,^^,^) < Cr|e-('=+i)^"*||e||^, < Cr|e-('=+i)'=o*. 

This together with Lemma 12.111 vields that 

l|V(Ve)||„„,,»,<^-M^e-(-4)-. (3.10) 

To estimate ||V(i?(/i^ + e) - RihD) ,+oo)- By Lemma [2J01 we have 
||V(i?(/i- + e)-i?(/i^))|U(i,,+i) 

- '-^IHL(t,t+i) (ll^fcll/(t,t+i) + ll^ll/(i,t+i) + ll^fclL{t,t+i) + IHL{t,t+i)) 

II IIB/- - 

Thus, we obtain by Lemma l2.11l 

\\V{Riht + e)-Rm)U^,^^^^ < ^ _ ^_^^,^3)^^ e-(^+i)^°*. (3.11) 
Finally, we estimate || Vefc||Af(t,+oo)- By Sk = 0(e~('^+^)'^"*) for large t, we have 

l|Vefc|k(,+oo) < j^^^ e-('^+^)^o*. (3.12) 
By ([CT]) . (|3lT]) and (f3l^ . we have 



<c- 1 + ^^^^ + 1^ I »-'-^'»' 
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If choosing a small tq, and a large ko and to such that 

C*CTi = ^, e-(^°+^)'^»-o < and C* 3, + ' < ^ 

° 8' -2' \^i_e-(fco+|W (A:o + l)eo / 4' 

we have 

||-Mfc(e)||£;. < ^, k>ko, t>to. (3.13) 
By the similar analysis, we can obtain for any e, / € B^, k > 1, 
\\Mk{e) - Mk{f)\kt,+oo) 

<c*(||v(ye - vf) |U(i,+oo) + W^iRiK + e) - R{K + fmmt,+oo) 



<C* { ^ + 1 e^C^+D'^ot lie _ f\ 



k 



<le-(fc+|)eo*||e_j||^^^.. (3.14) 

For k > ko, and large to, (I3.13P and (I3.14p show that is a contraction map on B^. Thus 
for k > ko, (ll.lj) has an unique solution 17°' satisfying (13. 6j) for t > to- 

Next we show that 17°' does not depend on k. Since the above proceeding still remains valid 
for the larger to) the uniqueness still holds in the class of solution of (jl.ip satisfying (j3.6p for 
t > Iq, where t'^ is any real number larger than to- Let k < k, and 17°" and U"" be the solutions 
of (ll.ip constructed for k and k respectively. The uniqueness of the fixed point show that 
jja _ jja £qj, ig^j.gg then by the uniqueness of (II. ip . we have U"" = U° . 

Finally, we prove (j3.7p . Note that 

U°-U^ = e = Mk{e). 
By the Strichartz estimate, we have 

P''-Ut\\H-, = \\e\\jj, 

<C*(||V(ye)|U(t,+oo) + ||V(i?(/i^ + e) -i?(/i^))|U(t,+oo) + l|Vefc|U(t,+oo)) 

This together with the fact U^ = W + ae-''o*3^+ + 0(e-2^o*) in yields ([32]). □ 

3.3. Construction of W^. Note that (|3.7p and the conservation of energy, we have 

E{U°) = E{W). 

In addition, we have by (|3.7p 

||VC/"(t)||2 = ||VVF||2 + 2ae-"o*y" VVF - V3^i + O (e-f""*) as t ^ +00. 
By (|2.25p . replacing 3^+ by —y+ if necessary, we may assume that 

VW - V3^i dx > 0. 



II 1 1 2 II 1 1 2 

This implies that ||V[/^(t)||2 — ||V^||2 ^^Joys the same sign with a for large positive time. 

II 1 1 2 II 1 1 2 

Thus, by Lemma [^TSl VC/^(io) L — U has the same sign to that of a. 
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(3.15) 



Let 

W+{t,x) = U+\t + to,x), W-{t,x) = U-\t + to,x), 
which yields two radial solutions W^{t,x) of (jl.ip for t>0, and satisfies 

E{w^{t)) = E{w), ||VTy~(o)||2 < ||VT^||2, ||vvF+(o)||2 > HvTyjl^, 

and 

\\W^{t)-W\\j^, <Ce-^°\ t>0. 

To complete the proof of Theorem [T21 it remains to show the behavior of for the negative 
time, we will do it in Section 15.31 and Section 16.61 □ 



4. Modulation 

For the radial function u G H^{M.'^), we define the gradient variant of the solution away 
from W as 

S{u)= [ (|Vn(x)|2 - |VVF(x)|2)(ix 
By Proposition 12.71 we know that if 

E(u) = E{W) (4.1) 
and 5{u) is small enough, then there exists 9 and Jl such that 

Ug~ = W + u, with llSll^fi < e(5(n)), 

where e{5) — )• as (5 — )• 0. The goal in this section is that for the solution of (jl.ip with small 
gradient variant, we choose parameters and Jl to show the linear dependence between these 
parameters, their derivatives and 5{u). 

From the implicit theorem and the variational characterization of W in Proposition [2]71 we 
have the following orthogonal decomposition. 

Lemma 4.1. There exist 5q > Q and a positive function e{8) defined for < 5 < Jq; which 
tends to when 6 tends to 0, such that for all radial u in H^{W^) satisfying (14. ip . there exists 
a couple {9, /i) S M x (0, +oo) such that v = uq^^ satisfies 

vl.iW, vA-W. (4.2) 

The parameters {9,fi) are unique in M/27rZ x M,, and the mapping u i— )■ (^,/i) is . 

= W + g 



Proof. From Proposition 12.71 there exist a function e and > such that ti6»i,/ii 

and 

Ih^i,/.! - W\\jj^ < e(<5(u)) . 
Now we consider the functional 



(4.3) 



J(0, /i, /) = ( Jo(e, ^, /), Ji{e, fi, /)) = ((/e,M, iW)^, , (/e,^, W)^, 
= [{e'y-'^f{x/f,),zW)^,,ie^y-'^f{x/f,),W)^ 
By the simple computations, we have 



J{0,1,W) = 0, 



dJ 



(0,1, VF) 



\vw\ 





L2 





\vw\ 



L2 
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Thus by the imphcit theorem, there exist eo,r]o > 0, such that for any h G with \\h — 
W\\^j < eo, there exists a unique (^9{h),Jl{h)^ G satisfying \9\ + |/i — 1| < t/q and 

j(e, Jl, h) = 0. 

By (j4.3p . this impHes that there exists a unique (^i{u),Jii{u)^ such that 

J {Ol + 6i,JlifJ,i,U^ = J (9l,Jll,Ug^^^^^ = 0. 

This completes the proof by taking 6 = 9i + 6i and fi = Jli^i- □ 
Let u{t) be a radial solution of (jl.ip satisfying (j4.ip and write 



:= 



/ (\Vu{t,x)\'^ -\VW{x)f\dx 



(4.4) 



Let Ds^-^ be the open set of all times t in the domain of existence of u such that 5{t) < 5q. On 
Dsq, by Lemma |4.H there exists functions 6[t) and with the following decomposition 

ueit)Mt)(^^^) = {l + a{t))w{x) + h{t,x), (4.5) 

In Section [5] and Section [6l we will make use of additional conditions to show that u converges 
exponentially to W in H^, up to the constant modulation parameters. 

As a consequence of the coercivity of ^ on H-^ n H^^^ in Proposition 12.141 we can identify 
the scaling and phase parameters on the interval with small gradient variant 6{t), which can 
be controlled by the gradient variant. 

Lemma 4.2. Let u be a radial solution of (jl.ip satisfying ()4.ip . Then taking a smaller 6o if 
necessary, the following estimates hold for t G Ds^ : 

\a{t)\ « \\a{t)W{-) + h{t, ■)\\^, ^\\h{t, ■)\\^, « d{t), (4.6) 



\a'{t)\ + \d'{t)\ + 



fi{t) 



< Cn\t)5{t). (4.7) 



Proof. Denote 

5(t) := \a{t)\ + \\a{t)W + h{t)\\^^ + ||/i(0||i/i + ^(0- 

We first show that 

~5{t)<\a{t)\. (4.8) 
Indeed, by (g3]) . £'(u) = £'(VF) and t G D^,,, we have 

^{a{t)W + /i(t)) = O (\\V{a{t)W + /i(t)) II2) . (4.9) 

By (I2.23p . we know that and /i(t) are i?-orthogonality, and B{f,f) = $(/), thus 

^{a{t)W + /i(t)) = -a{tf\^{W)\ + ^{h{t)). (4.10) 
By (I4.10p and the coercivity of <I> on n H^ad^ we have 

||/i(t)|||, « ^hit)) « a(t)2 + O (\\V{ait)W + /i(t)) 11^) < aitf + 5\t). (4.11) 
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By the orthogonality of W and h in H^, we have 



\V{a{t)W + h{t)) \\l = aitf\\VW\\l + \\Vh{t)\\l < a{tf + 5\t). (4.12) 



and 



m 



[ \Vu{t)\^ -\VW\^ dx = {2a{t) + a{tf)\\VW\\l + \\Vh{t)\\l . (4.13) 

If 6o is small, then ||V(Q(t)VF + h{t)) \\^ and \a{t)\ are small (by the orthogonality of W and 
h in H^), thus we have 

m<Ht)\+6'{t). 

Therefore, we obtain that 

m<\a{t)\+5Ht) + 6Ht). 
By the continuity argument, we have (j4.8p . By ()4.1ip . (j4.12p and ()4.13p once again, we have 

\a{t)\ ^ ||/i(t)||^i ~ \\aW + 6{t). 



Next we prove (j4.7p . Denote 

5(t) := |a'(t)| + |0'(t)| + 



Let 



then 



v{t, y) = ue^t),t,{t) {t, y) = e^^(*V(i) "^^ult, 



u{t,x) = e-^^W^'^l*) v{t,fi{t)x), 



and (jl.ip may be written 

.2a 2/ 1 



+ 2/ . V U = 0. 



For t S Z?5„, by (j4.5p . we have f = (l + a)M^ + /i, E One easily verifies that h satisfies 
that 

idth + fi'^{t)Ah + ia'{t)W + e'{t)W + i^W = o(fi^{t)S{t) + 5{t)6{t)) in H\ 



Note that h G ff-*- for t G Z^^^, we have dth G i.e. 

y 5t/iAVF = 9 /" 5t/iAW^ = / 9t/iAVF = 0. 
This together with ()4.6p implies that 



a'(t)| =0(/i2(t)<5(t) + 5(t)5(t)j, |0'(t)| =0(^f/it)5it) + 6it)6it)), 



0[i?{t)5{t)+5{t)6{t)]. 



Therefore, we obtain that 

5(t) = O (^fi^{t)6{t) +5{t)6{t) 
This yields the result if 6q is chosen small enough. 



□ 
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5. Convergence to W for the supercritical threshold solution 

In this section, we will show the dynamics of in Theorem 11.21 in the negative time, and 
it is also the first step in the proof of case (c) of Theorem 11.31 

Proposition 5.1. Consider a radial solution u G H'^iW^) of (jl.ip such that 

E{u) = E{W), pu4^, > \\yW\\^„ (5.1) 

which is globally defined for the positive times. Then there exist 9q € M/(27rZ), fiQ G (0, +oo), 
c, C > such that 

Vt>0, \\u-Wg,^^,\\^,<Ce-'\ (5.2) 
and the negative time of existence of u is finite. 

5.1. Exponential convergence of the gradient variant. 

Lemma 5.2. Under the assumptions of Proposition \5.1[ there exists C such that for any 
R> 0, and all t>0, 

\dtVRit)\<CR'^ 6{t), (5.3) 

where VR{t) is defined as in (|2.6|) . 
Proof. By Lemma 12.91 we have 

dtVB,{t) =29 / uVu- dx. 

Note that |V</>j?| <R^/\ x|, we have by the Hardy inequality 

\dtVR{t)\<R^uit)\\%. 

Thus by Lemma 12.81 and the definition of 5{t), it suffices to show (j5.3p when 5{t) < 6o, where 
6q comes from Section [H In this case, by Lemma 14.21 W6 can write u as 

ueit),f,{t)it,x) = W + u, \\u\\^i < 6it) =^ u{t,x) = {W + u) _g^^^^^^^^^y 
Thus we have 

dtVR(t) = 29 /" (w + u) v(w + u) V4>n dx 

By the definition of (p and the Hardy inequality, we have 

\dtVR{t)\ < Rm\u\\^, + \\u\\l,) < RH{t). 

This completes the proof. □ 

Lemma 5.3. Under the assumptions of Proposition [5J\ there exist C > and i?i > 1 such 
that for R> Ri, and all t >0, 

d^VRit) < - A6{t), (5.4) 

dtVRit) > 0. (5.5) 
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Proof. By Lemma 12.91 we have 

where Aji(u{t)^ is defined in Lemma 12.91 
By E{u) = E{W) = WVWWl^/A, we have 

\u{t, x)\^\u{t ,y)\^ 
\x - y\' 

To prove (|5.4p . it suffices to show that for R> Ri 

AR{u{t)) <48{t). 

We divide it into three steps: 

Step 1: General bound on We claim that there exists C > such that for any 

i? > 0, t > 0, 

c c * c 

AB{uit)) <j^ + -^\\uit)\\l, + — ||n(t)||^,. (5.6) 
Indeed, choosing suitably (j) such that 

0"(r) < 2, r > 0, and I - AA0^| < 
we conclude by the definition A/j(n) in Lemma 12.91 



|2 



\x — y\° 



Let xn be the characteristic function of the set fi. Note that 



2|xr^i?V V 2|yr^ii 
and the radial Sobolev inequality in [651 EZ] 

|4 

2d ^ 
—' — — 

R— 



1^X{\x\>R}V{\y\>R}\x - y|, 



4 1 i 4d-4 



we have 



// 



X{\x\>R}\j{\y\>R} 1^ ^ x)\'^\u{t, y)^ dxiiy 



< 



kl~lyl>R 



'n(t, x)p|u(t, y)p dxdy 



|x - y\ 



+ 11 77 \u{t,x)\'^\u{t,y)\'^ dxdy 

' 'max{|;c|,|y|)»min(|a;|,|i/|) ' 
max( I a: 1 , 1 2/ 1 ) > J? 



4 , 1 II /,Nl|2 II /,\||2 

2d H 

1 4d-4 4 1 „ „ 



<||x{|.|>i?}^i(i,-)|r.^ +^||^*(i)||22||«W||^i 



<- 



This yields (j5.6p by the mass conservation. 
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Step 2: Refined bound on Afi{u{t)) when 6{t) small. We claim that there exist 6i 
C > such that for any R > 1, and t > with 5{t) < 5i, 

1 



< C 



d-2 

R— 



■6it) + 5{ty 



ARiu{t)) 

To do so, we first show that for small 6i, 

/i_ := inf > 0,6{t) < > 0. 

Indeed, by (j4.5p and Lemma [121 we have 

ueit)Mt)(*) = W + V, with \\Vit)\\^, ^dit). 
By the mass conservation, we have 



(5.7) 
(5.8) 



\uo\\l2 > 



>. 



x\<fi(t) 

1 



|u(t,x)| dx 



\x\<l 



\ue{t),fMit)\ dx 



I [ \W\'^dx- 


[ \V{t)fdx] 


\J\x\<l 


l\x\<l J 



This together with 



implies that 



no .2 > 



Ld-2 {\x\<l) 



Kt)'^ \J\x\<i 



\W\ dx-C6{tf 



IL2 

Choosing sufficiently small 6i, one easily gets (j5.8p . By (j4.5p and the change of variable, we 
have 

ARiu{t))\ = \ AR{iW + V)_em/,.(t))\ = \An^it){W + V) 

Note that 

AR^(^t){W) = 0, and \\VW 

we have 

ARiuit)) =An^(^t){W + V)-An^^t)iW) 



Tii\ 1-^ \ ~ 2d ~ p 2 for p > 1, 



< 



x\>Rii(t) 



IvvF- vy(t)| + |vy(t)rdx 



+ 



+ 



1 



Rti{t)<\x\<2Rii{t) (i?/i(t)) 

^(|iy(x)y(t,x)||H^(y)|' + |H^(x)|V(y)^(*>y)| 



{|a:|>flM(t)} X 
U{|!;|>iiM(t)} 



+ |VF(x)| |F(t,2/)| + \V{t,x)\ \W{y)\ 

+ |VF(x)y(t,x)||y(t,y)|^ + |y(t,x)|^|y(t,y)|^) dxdy 



\\yit)\ 



d-2 
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This combining with (|5.8p imphes that (j5.7p ii 6i is small enough. 

Step 3: Conclusion. Prom (|5.7|) . there exist (52 > and R2 > ^ such that if > i?2) 

AR{u{t)) < C (R-^5{t) + 5{tf^ < A6{t). 

Let 

where C is given by ()5.6p . For sufficient large R3, fR'^{6) is concave on 5. Choosing large 
enough such that fR^iSs) < 0, and fji^iSs) < 0, we have for any R > R3, 6 > 63 

fR{S)<fn^{6)<0. 

This implies that A/j(n(t)) < 4(5(t), so we conclude the proof of (|5.4p with i?i = max(i?2, -R3). 

Finally, note that VR^t) > 0, d'^VR{t) < for t > and li is defined on [0, +00), we easily 
see that dtVR{t) > by the convexity analysis. □ 

Lemma 5.4. Under the assumptions of Proposition [JiTl there exist c > 0, C > such that 
for R> Ri ( which is given in Lemma \5. 3\) . and all t >0, 

5{s)ds < Ce-^K (5.9) 



Proof. Fix R>Ri. By ((Ol), dMj) and ((53]), we have 

4 r 6{s)ds < - r d^VR{s)ds = dtVRit) - dtVRiT) < CR^5{t). 
Jt Jt 

Let T — )• +00, we have 

+00 

5{s)ds < C5{t). 

By the Gronwall inequality, we have (15. 9p . □ 

5.2. Convergence of the modulation parameters. Let us show that 

,iim^5(t) = 0. (5.10) 

If (|5.1Up does not hold, by (|5.9p . there exist two increasing sequences (tn)™, {^'n)n such that 
tn < t'ni ^{in) 0, 5{t'^) = e\ for some < ei < 5o, and 

VtG (t„,t;), 0<(5(t) <ei. 

On 0(t) and /i(t) are well-defined by Lemma HTTJ By Proposition 12.71 there exist 6*0 

and /io > such that 

u(tn)^W_e,Mi., in ti' . (5.11) 

By the mass conservation, there exists Uoo £ L? such that n(t) ^ in L^, as t — )• +oo. 
Hence, we have 

u{t) in as t +oo, 

which implies that 

[x(f) is bounded on (^[tn;^n]- (5 12) 



By Lemma 
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and (j5.9p . we have 
\a{t'J - a{tn)\ 



23 



0, as n — )• +00, 











/ a'{s)ds 


< c 


/ 6{s)ds 


< Ce 






Jt„ 





-Ctr, 



Therefore a(t^) — t- as n — )• +00, which contradicts the definition of t'^. 

Similarly by (jS.lOp . we have that /i(t) is bounded for large i, and the parameter a{t) is well 
defined for large and 

5{t) ■^\a{t)\ = \a{t) - q(+oo)| 



<C 



+00 



a'{s)\ds <C n^{s)5{s)ds < Ce 



-ct 



(5.13) 



which, together with Lemma [4. 2 1 implies that ^j^fp" satisfies the Cauchy criterion as t — )• +00. 



Then we have 



lim = ^+00 G (0,+oo], 



This combining with the boundness of precludes the case limt^+oo m(^) = +00, Hence we 
have 

lim n{t) = /ioo G (0,+oo). (5.14) 

t— i> + 00 

Thus by Lemma 14.21 we have 

□ 



This yields dO]) . 

5.3. Blowup for the negative times. It is a consequence of the positivity of dtVji{t) in 
(j5.3p and the time reversal symmetry. Suppose that u is also global for the negative time. 
Applying Lemma l5.2| Lemma 15.31 and Lemma 15.41 to u{—t), we know that they also hold for 
the negative times. Hence by (I5.10p . we know that 

lim 5(t) = 0. 

By Lemma 15.21 and Lemma 15.31 'we know that dtVu^t) > and dtVR{t) — > 0, as t — t- ±00. 
By Lemma EH we have d^VR{t) < 0. This implies that dtVR{t) = 0. It is a contradiction, so 
we conclude the proof. □ 

6. Convergence to W for the subcritical threshold solution 

In this section, we consider the radial subcritical threshold solution u of (jl.ip . Similar to 
that in Section [5l the following proposition will give the dynamics of of Theorem 11.21 in 
the negative time and is also the first step in the proof of case (a) of Theorem II. 3i 



Proposition 6.1. Let u G H^(W^) he a radial solution of (jl.ip . and I = (T_,T+) denote its 
maximal interval of existence. Assume that 

E{uo) = E{W), ||Vno||^2 < \\VW\\^„ (6.1) 

Then 

I = R. 

Furthermore, if u does not scatter for the positive times, that is. 



u 



Z{0,+oo) 



00, 



(6.2) 
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then there exist 9o £ M, fiQ > 0, c, C > such that 



\u-We,,,,,\\^,<Ce-'', Vt>0, 



and 



n ^, „s < oo. 

I Mz(— 00,0) 



(6.3) 
(6.4) 



An analogues assertion holds on (— cxd,0]. 

6.1. Compactness properties. It is well known that the solution with 

E{u)<E{W), ||Vno||^2 < ||VTy||^2, 

is global well-posed and scatters in both time directions [411 151) . By Lemma |2.8|, the concen- 
tration compactness principle and the stability theory as the proof of Proposition 4.2 in 
we can show: 



Lemma 6.2. Let u be a radial solution of (jl.ip satisfying 
E{uo)=E{W), ||Vno||^2 < ||VH^||^2, |h 



Z(0,T+ 



+ CXD. 



Then there exists a continuous functions X{t) such that the set 

K:={{u{t))^t),te[0,T+)} 

is pre-compact in H^{W^). 



(6.5) 



Let M be a solution of (II. ip . and A(t) be as in Lemma [6. 2 1 Consider 6o as in Section 4. The 
parameters 0{t), fi{t) and a{t) are defined for t £ Ds^^ = {t : 5{t) < 5o}. By (|4.5p and Lemma 
T2l there exists a constant Co > such that 



^i{t)<\x\<2^i{t) 



\Vu{t,x)\ dx 



1 



^l{t) 



dx 



> 



\VW\ -CoS{t), yteDso- 



'l<\x\<2 

Taking a smaller 6o if necessary, we can assume that the right hand side of the above inequality 
is bounded from below by a positive constant £q on Ds^. Thus, we have 

2 



1 



Vn t 



m 



dx > 



l<|a;|<2 



\VW\ -Co6{t), yt^Dso- 



By the compactness of K, it follows that for any t G Ds^, we have |/u(t)| ~ |'^(^)|- As a 
consequence, we may modify X{t) such that K defined by ()6.5p remains pre-compact in 
and 

Vt G Dso, A(t) =/i(t). (6.6) 
As a consequence of Lemma 16.21 we have 

Corollary 6.3. Let u be a radial solution of (jl.ip satisfying (j6.ip and not scatter for the 
positive times. Then 

(a) r+ = +00. 

(b) lim VtX{t) = oo; 

t—>-oo 

As a direct consequence of (a) in Corollary 16.31 we have 
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Corollary 6.4. Let u he a radial solution of (jl.ip with the maximal existence interval I such 
that 

E{uq)<E{W), ||Vno||2 < IIVH^II^, 

then / = M. 

Proof. If ||Vno||2 = ||V^||2' ^^^^ by (|2.5p . we have E{uq) = E{W), then by the varialtional 
characterization of W, we have uq = ^Wq^^^x^ for some 9q S [0, 27r), Aq > 0. By uniqueness of 
(II. Ij) . ti is only the stationary solution ^We^^^Xo-, which is globally defined. 

If ||Vno||2 < II VVFII2, -E(^io) < E{W), then from [51], we have the solution u is global 
wellposed and scatters. 

Now we consider the case ||Vno||2 < || VH^||2, -E(?io) = E{W). If lltiH^i-j) < +00, then by 
the finite blowup criterion, we know that n is a global solution. If ||^i||^([o'p )) = +00, then 
by Corollary 16.31 (a), we have r+ = +00. The same result holds for the negative time. □ 

Proof of Corollary We show (a) by contradiction. Assume that 

r+(uo) < +00. 

For this case we can show that 

\{t) — )■ +00, as t — T+(uo). 

Then using the localized mass argument, the almost finite propagation speed and the com- 
pactness property of K in as Step 2 of Lemma 2.8 in [16], we can show that 

Moreover, we have u = 0, which contradicts the assumption that E{uq) = EiyV) or that u 
blows up at finite time r+ > 0. 

We also show (b) by the compactness argument. Assume that (b) does not hold. Then 
there exists a sequence tn — )• +00 such that 

lim \/Ui\{tn) = To G [0, +00). 

Consider 

/ X w / s y 

Wn[S,y) = X{tn) 2 u[tn+ , no ' TTT 

By the compactness of K, up to a subsequence, there exists a function wo £ such that 

Wn{0) — ^ wq in 

Let w be the solution of (jl.ip with initial data wq. Note that 

E{uo) = E{W), ||Vu(t„)||2 < IIVVFII2, 

we have 

E{wo) = E{W), ||Vu;o||2 < ||Viy||2. 

Thus by Corollary l6.4l we have that T-{wo) = T^{wo) = 00. By Theorem l2.4l and — -v/t^A(t„) 
—To, we have 

A(t„)"^no ^^^^^ = Wn{-tnX{tnf,y) w{-TQ,y), m . 
Since A(t„) — >• 0, we have 
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Thus w{-T^) = 0, which contradicts E{w) = E{W) > 0. □ 
6.2. Convergence in the ergodic mean. 

Lemma 6.5. Let u be a radial solution of (jl.ip satisfying (|6.ip and (|6.2p . Then 

hm - [ 6{t)dt = 0, (6.7) 

T^+oo T Jo 

where 5{t) is defined by (|4.4p . 

Proof. By Lemma 12.91 and the Hardy inequality, we have 

|atVjj(t)| <CR\ 

From = = ||VTy||^2/4, we have 

d^VR{t) = -8S{t)+AR{t), 

where Aji(^u{t)) is defined in Lemma [2.91 By the compactness of K in H^, for any e > 0, 
there exists Pe > such that 



/ |Vu(t, x)\'^dx < e. 

l-^l- A{t) 



Note that 

/ 17? l-rl. \ / IP U/L \ ^ 



2|x|" 'i? V V 2|y|" ^ R 



rs_/. 



X{|a;|>R}U{|y|>i?}F - y| 



and 



X{\x\>R}u{\y\>R}-. 7i\u{t,x)\ \u{t,y)\ dxdy 



\x - y\ 

~ll ^ ^llL3^(|x|>i?)ll ^ ^llHi ~ II ^ ^llL3^(|x|>i?)' 

we have for R > p^/X{t) 

Vt > 0, lAjiitM < e. (6.J 



Fix e, choose eo and Mq such that 

2Ce2 = e, Moeo>Pe. 
By Corollary 16.31 (b), there exists to ^ such that 

Vt >to, A(t) > 

Vt 

For T > to, let := coVT. For t G [^O) we have 

v^A(t) A(t) - A(t)' 

this yields that 

8 / 6{s)ds<[ d^,VR{s)ds+\ABis)\{T -to) <2CR^ + eT = 2€T. 
Jt Jt 

Let T — 7- +00, we have 



1 r e 

^hm - / 6{s)ds < - 



DYNAMICS FOR THE FOCUSING HARTREE EQUATION 27 

This completes the proof. □ 

Corollary 6.6. Let u be a radial solution of (jl.ip satisfying (j6.ip and (j6.2p . Then there 
exists a sequence tn such that tn +00 and 

Urn 6{tn) = 0. (6.9) 



6.3. Exponential convergence. 

Lemma 6.7. Let u be a radial solution of (jl.ip satisfying (16. ip . (16. 2p and (16. 6p . and A(t) 6e 
as in Lemma [Oi T/ien i/iere exists a constant C such that if < a < t, 



Proof. For i? > 0, Let us consider the function Vji{t) defined as in 

By the same estimate as that in Lemma 15.21 there is a constant Co independent of t > 
such that 

dtVR{t)\<CoR^6{t). (6.10) 

Now we show that if e > 0, there exists such that for any R > R^/X{t), then 

d^VR{t)>{8-e)6{t). (6.11) 

II 1 1 2 

Indeed, by Lemma[2J]and E{u) = E{W) = \\VW\\lJA, we have 

d^Vnit) = 8 / \Vu{t,x)fdx -8 [[ Ht,^)\Mt,y)\'' ^^^y ^ AJuit)) 
= 86{t) + AR{u{t)), 



where AR(^u{t)) is defined in Lemma [ 

To prove (|6.1ip . it suffices to show that if e > 0, there exists such that for any R > 

Rjm 

AR{t)\<e5{t). 

For the case 5{t) > as the estimate ()6.8p . we can use the compactness of K in to 
show that for any t > 0, e > 0, there exists > 0, such that for any R > p^/X{t), 

\ARit)\<e<e6{t). 

For the case 6{t) < 5q, similar to the proof of Step 2 in Lemma 15.3^ we can show that for 
any t > 0, p > 1, there exists C > such that for any R > p/X{t), 

\AR{t)\<c(^p''^Sit)+5{tf) . 

This implies (j6.1ip if we choose p large enough. 

By (j6.1ip . there exists R2 such that for any R > R2/\{t) 

d^^VRit) > A5{t). 

Finally, if taking R = R2 sup ( t-tt- ) , and integrating between a and r, we have 

a<t<T \X{t) J 

aJ^ 6{t)dt < dfVR{t)dt = dtVRir) - dtVRia) < CR^{5{t) + 5{a)) . 
This finishes the proof of Lemma 16.71 □ 
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Lemma 6.8. Let u be a radial solution of (jl.ip satisfying ()6.ip . (j6.2p and (j6.6p . and A(t) 6e as 
in Lemm 

we have 



in Lemma [Ol T/ien i/iere is a constant Co > swc/i t/iai /or any a, r > with a + j^yi < t, 



1 



1 



< Co / 5{t)dt. 



(6.12) 



A(r)2 A(a)2 
Proof. We divide it into three steps: 

Step 1: Local constancy of A(t). By the compactness of K, one easily show that there 
exists Ci > such that 

1 

A(^)2 — X{a) ' A(r) 
Indeed, for any two sequences rn,(T„ > such that 

I I 1 



Vcr, T>0, It — (j| < 



(6 AS) 



A(cjr 



^2- 



Up to subsequence, we may assume that 



hm A^((T„)(r„ - = So e [-1, 1]. 

n— >-+oo 



Consider 



^^n(s,y) = (A(cr„) 



d-2 
2 



s y 



,A(o-„)2 ' X{ar, 

By the compactness of K, up to subsequence, there exists vq G such that 

i'n(O) — y vq in iJ"*^, as n — +oo. 

Thus E{vo) = E{W) and ||Vi;o||^2 < ||V^IL2- Let v be the solution of ([TT]) with uo. By 
Corollary 16.41 and Theorem 12.41 v is globally defined and 



d-2 
2 



n T, 



I'n (A((T„)2 (t„ - fT„) , y) — > v{so, y) in as n ^ +oo. 



d-2 
2 



A{t„) 



converges m 



In addition, by the compactness of K, we know that (^A(T„jj u ^r„, ■ 
i/^. Thus A(r„)/A(o"„) + A((T„)/A(r„) is bounded. 

Step 2: Control of the variations of 5{t). Let be as in Lemma WM Using the local 
constancy of A(t) and the compactness of K, we will show that for any r > 0, if 

sup 5{t) > 5q, 



then there exists (5i > such that 



inf 5{t)>5i. 



(6.14) 



Indeed, if not, we may find sequences r„, t„ and t'^ such that 

1 



tn 1 t-n S 



A(r„ 



, 6{tn) 0, 6{t'J > 6o. 



Consider 
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From the compactness of K and (5(t„) — )• 0, we may assume that 

Vn{^) — > WO^o in as n — ^ +00. 

By Step 1, we know that \{tn)/\{Tn) < C, thus |A(t„)^(t„ — t^) | < C for some constant 
C > 0. Up to a subsequence, we may assume that 

hm \{tnf{tn-t'^) =SoG [-C,C]. 
n— J-+00 ^ ' 

By Theorem 12.41 we know that 



y 



Ktn] 



W\f^ in as n — )■ +00. 



This contradicts > 5o- 

Step 3: End of the proof. We first show that there exists C > such that 



Q<a<a<T<T=a+ 



1 



1 



1 



A(?)2 X{af 



< C / 6{t)dt. 



(6.15) 



where Ci > 1 is the constant defined in Step 1. Indeed, if 5{t) < 5q on [fx, r], then by Lemma 
2] and ()6.6p , we have 



A(?)2 A(5)2 



A^ 

? A(t)3 



dt 



< 



dt<C f 6{t)dt. 

J a 



Otherwise if there exists t G [cr, r] such that 5{t) > (^Qj then by Step 2, we know that 5{t) > 5i 
for all t € [cr, r] . Note that 



o" — r < 



1 1 

< 



Cl\{aY - A(3f)2- 



By Step 1, we obtain 

1 1 



A(?)2 Xiaf 



< 



2Cf r 



6: 



5{t)dt. 



Dividing [cr, r] into small subintervals, we can complete the proof. 



□ 



Lemma 6.9. Let u he a radial solution of (jl.ip satisfying (j6.ip . (j6.2p and (j6.6p . anc? A(t) 6e 
as m Lemma \6.S\ . Then there exists C such that for all t > 0, 



5{s)ds < Ce-^'. 



(6.16) 



Proof. We first show that is bounded. By Lemma 16.71 and Lemma 16.81 there exists a 
constant Cq > such that for allO<o"<s<t<r with s + < we have 



x{sf x{ty 



< Co sup 



1 



By Corollarv l6.6| there exist t„ — )■ +00 and no G N such that for n> uq, 

1 



(7<t<T \X{ty 

S{tn) < 



6ia) + 6iT)). 



(6.17) 



4C, 







Take a = s = t^o, t = tn, then 



V t E {tno + 



1 



1 



Ktno? x{tr 



1 1 
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Note that t„ — )• +00 as n — )• +00, we have 

sup 



t>t 



Thus 



1 



11 1 1 



X77X2 - '^^P \(+\2 ' \/+ ^2■ 



1 2 

+ 



This shows the boundness of 



By Lemma [6771 and the boundness of we have for t + < tn 



6{s)ds < C[5{t) + 6{tn) 
Let n — )• +00, we obtain 

/oo 
5(s)ds < C6{t). 

This together with the Gronwall inequality yields (j6.16p . 

6.4. Convergence of A(t). Now by Lemma 16.81 and ()6.16p . we have for a + j^yi < t 



□ 



1 1 



A(a)2 A(r)2 

By means of the Cauchy criteria of convergence at infinity, there exists Aqo G (0, +c«] such 
that 

1 1 



< Ce 



-ct 



Now we show that 

AooG(0,+oo). (6.18) 
Assume that Aqo = +00. Let < o" < s. By (j6.16p . there exists a sequence t„ such that 

<J(io) < TTFT' ^i^n) -^0 as +00. 

For larger n, we have s + , < By Lemma 16.71 we obtain 



A(s) 
1 1 



Let 77, — ^ +00, we have 



<Co sup (-^)[5{a) + 5{tn)). 



-A(t) 



S^P - CoS{cr) sup 



A(t)2- 



If taking a = to, we have 



Vt>to, A(t) = +00. 
This contradicts the continuity of A(t) on M. 
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6.5. Convergence of the modulation parameters. By (|6.16p . there exists t„ — )• +00 such 
that 

5itn) ^ 0. 

Fix such In the similar proof as leading to ()5.10p . one easily sees that 

(6.19) 



lim 6(t) = 0. 

i->+oo 



Now for large t, a(t) is well defined by Lemma (j6.6p . (|6.18p . and (|6.19p . Furthermore, 
we also have 

S{t) ss|a(t)| = \a{t) - a(+oo)| 
"+00 

<C 



Finally, by Lemma 
^oo such that for large t 



e{t) 



\a'{s)\ds <C j n^{s)6{s)ds <Ce"'^. (6.20) 
, (|6.18p . and the Cauchy criteria of convergence, there exists 



<C \e'{s)\ds <c 
Jt Jt 



fi^{s)6{s)ds < Ce 



-ct 



6.6. Scattering for the negative times. By Corollary 16.41 we know that u is globally 
well defined. Assume that u does not scatter for the negative time. Then by the analogue 
estimates as those in Subsection 16. HlO] we have 

(a) there exists A(t), defined for t G M, such that the set 



is pre-compact in H^. 

(b) there exists an decreasing sequence t'^ — —00 as n — )• +00, such that 

hm ,5(4) =0. 

n— )-+oo 

(c) there is a constant C > such that if — oo<(T<t<oo, 

1 



5{t)dt <C [ sup 



{6ia) + 6iT)). 



ya<t<T A(tj 

(d) there is a constant C > such that for any a, r with a + j^yi < t, we have 

1 1 



A(r)2 Xiay 



<C f 6{t)dt. 

J a 



From (b)-(d), we know that 



lim 5{t) = 0. 



Note that is bounded for t G M, we easily verify that 



5{s) ds < C(^6{a) +6{T)y 



Let a — )• —00 and r — )• +00, we have 

5{t) = 0, Vt G M. 
Thus u = W up to the symmetry of (jl.ip . it contradicts po u-i 

< \\W\ 



□ 



32 miao, wu, and xu 

7. Uniqueness and the classification result 

7.1. Exponentially small solutions of the linearized equation. Recall the notation of 
Section [3l in particular the operator L and its eigenvalues and eigenfunctions. 
Consider the radial functions v{t) and g(t) 

?; G C°([to,+oo),ij^), 5 G C°([to,+oo),L^) and G iV(to, +oo) 

satisfying 

+ = 5, (a;,^) G M'^ X [to,+oo), (7.1) 

< Ce--*, \\g{t)\\^^ + ||V5(t)|U(,^^) < Ce--*, (7.2) 



where < ci < C2. For any c > 0, we denote by c~ a positive number arbitrary close to c and 
such that < < c. 

By the Strichartz estimate and Lemma l2.11l we have 

Lemma 7.1. Under the above assumptions, then for any {q,r) with ^ = d{^ — ^), q ^ [2,+oo], 
we have 

M Mt(t,+oo) II II L1(t,+oo;L' ) — 

By the coercivity of the linearized energy in G± , we will show that v must decay almost as 
fast as g, except in the direction y+ where the decay is e"^"*. 

Proposition 7.2. The following estimates hold. 

(a) if C2 < Co or cq < ci, then 

\\v{t)\\^,<Ce-'^^\ (7.3) 

(b) If C2 > Co, then there exists a G M such that 

\\v{t) - ae-^°'y+\\^, < Ce-^^K (7.4) 

Proof. We decompose v as 

v{t) = a+{t)y+ + a^{t)y^+ p{t)iW + -i{t)W + vx{t), v±{t) e G± D H^^^- (7-5) 
By (j2.24p . we can normalize the eigenfunction 3^-|- such that 

B{y+, y_) = 1. 

By Remark 12. 16^ we have 

a.{t) = B{v, y+), a+{t) = B{v, y^), (7.6) 

= ^tAiT- - «+ (t)y+ -a- {t)y- ,iw) (7.7) 

II ^'^ \\m 

7{t) = —^[v-a+it)y+-a.{t)y_, W)^^. (7.8) 

Step 1: Differential equations on the coefficients. We first show that 

± (e--ot^_) ^ e-^«*i?(5, y+), I (e^°*a+) = e^«*i?(5, 3^-), (7.9) 
d iiW. V\,;. d (W. v).;. 
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j^^{v{t)) = 2B{g,v), (7.11) 

where 

v = g- B{y^, g)y+ - B{y+, g)y_ - Lv^. 

Indeed, by (|7.ip and (|7.6p and Remark 12.161 we have 

ci_{t) = B{dtv, y+) =B{-Cv, y+) + B{g, y+) (7.12) 

=eoB{v, y+) + B{g, y+) = eoa_(t) + B{g, y+), 

and 

aV(t) = B{dtv, X) =Bi-/:v, y^) + B{g, y^) (7.13) 
= - eoB{v, y.) + B{g, y_) = -eoa+{t) + B{g, y_). 
This jomted with (f7J2]l imphes ^TM . 

By dZI]), (I73|), (HID, (USD, ^7A2\f and ([713]) . we have 

\^(g -Cv- a'^{t)y+ - a'_it)y^, iW 



I \\m 



and 



ll^llii ^ ll^llii 



,g - Big, y^)y+ - B{g, y+)y^ + Cv^, W) := 
By (j7.ip . we have 

^$(t;) = ^S(?;, ^;) =2S(t;, ^^t;) = 2B{v, -Cv) + 2^(7;, g) = 2B{v, g). 

Step 2: Decay estimate on a±(t). We now claim that there exists a real number a G M, 
such that 

\a^{t)\<Ce-^^\ (7.14) 
\a+{t)\ < Ce-'^a'* if eo < ci or C2 < eo, (7.15) 
\a+{t) - ae"^«*| < Ce^^^t ci < eo < C2. (7.16) 
By the definition of ()2.19p . we have 

2B{g,h)= / {L+gi)hidx+ {L.g2)h2 dx 

= [ VgiVhidx- [ (-l-*\W\^)g^hidx-2 [ (-L^(^Wgi))whidx 
+ / V(72V/i2 dx- [ (-^ * \W\'^)g2h2 dx. 
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Hence, for any time-interval / with |/| < oo, we have 



l^\B{g{t), y±)\dt<\I\"s\\Vg\\^^j^\\vy±\ 



+ 1^1-5 



LfL 



2d 
3+3 



6d 
- Sd-i 



y± 



3=3 



\W\\ 2d 



This together with (17. 2p imphes that 

rt+l 



By Lemma l2. lit we have 



+ 00 



e-'^^B{g{.s), y. 



ds < Ce-^^^e-^'K 



ds < Ce-(^o+^2)i^ 



(7.17) 



By (j7.2p . we know that e '^o*a_(t) tends to when t goes to infinity. Integrating the equation 
on a_ in (17.911 between t and -|-c«, we have 



\a-{t)\ < Ce-^2t, 

Now we prove (j7.15p . First consider the case eg < ci. By (j7.2p . we know that e'^°*a^{t) 
tends to when t goes to infinity. By ()7.2p and the similar estimate as (I7.17p . we also have 

e'^^'Bigis), y^) ds < Ce'^^'-^^^K 

Integrating the equation on a+ in (j7.9p between t and +00, we have 

\a+{t)\ < Ce-^^K 

If ci < Co < C2, by (j7.2p . we have 



which together with Lemma l2.11l implies that 



t+i 



eot —C2t 



r+co 

/ e'^>'B{g{s), y.) 

J to 



ds < Ce^o'e 



ds < e^o'oe-'^^io < 



CXD. 



By ()7.9p . we know that e^°*a-)-(t) satisfies the Cauchy criterion as t — )■ +00, then 



lim e'^°^a+{t) = a, 

t— >-+oo 



and 



|e'=°*a+(t) -a| < C7e"o*e-^2t_ 

This shows (m6|) . 

If ci < C2 < eo, integrating the equation on 0+ in (j7.9p between and t, we have 

a+(t) = e-"«*a+(0) + e'^o* T e"o"S(5(s), y.) ds, 

Jo 

by (j7.2p . we know that 

^'e'^^'Bigis), y.)ds < 
This yields (|7.15p in this case. 



Ce(eo-c2)t^ ifc2<eo, 
Ct, if C2 = eo. 
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Step 3: Proof of the case C2 < cq, or C2 > cq, a = 0. By Step 2, we know in this case that 



(7.18) 



Since 



we have by Lemma 12.111 



t+i 



B{g{s),v{s))ds < Ce-(^i+^2)t^ 



/ + 00 
B{g,v)ds < Ce-(^i+'=2)t_ 

By fm]) and |^>(^;(t))| < as t +oo, we have 



Note that 

^{v) = B{v, v) = B{v±,v±) + 2a+a_, 
we obtain from Lemma 12.151 and (j7.18p 

\\v±{t)\\l,<\B{v^,v^)\<Ce-^'^+''^'. 

Now we turn to estimate the decay of First by (|7.7p and Step 2, we know that 

\(3{t)\ 0, as t ^ +00. 

2d , 

In addition, by £*{iAW) = L+{AW) G L^{R'^), we also have 

rt+l t-t+l 

/ I {v, iW) HAds< + / I {iW, Cv^ {s)) \ ds 
Jt Jt 



(7.19) 



t+i 



C*{iAW)vT{s] 



dxds 



■ , < P 2 



<e-^* + ||^^(t) 
This, together with (|7.1Up and Lemma l2.11i imphes that 

By the analogue analysis, we can obtain the estimate of ^{t) 



Ht)\ 



.£l+£2 



< e 2 

Thus f , 5 satisfies ()7.ip and ()7.2p with ci replaced by c']^ — — 2 



(7.20) 



(7.21) 



C1+C2 



An iteration argument gives 



Hence we conclude the proof of the case C2 < eo or C2 > eo, a = 0. 

Step 4: Proof of the case C2 > eo, and o 7^ 0. By Step 2, if ci > cq, we can take a = 0, 
so that we may assume that ci < cq. Let 

v{t) := v{t) - ae-^'>^y+, 

then 

5il;(t) +£u(t) = g{t), ||u(t)||^i < Ce-^^* 
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and by (j7.16p . we have 

lim e^°*a+(t) = 0, 

t— >-+oo 

where a+{t) = B{v{t),y-) is the coefficient of 3^+ in the decomposition of Thus a^{t) 

and g satisfy aU the assumptions of Step 3, hence, we have 

\\v{t) - ae-"o*3^+||^i < Ce-^^K 

This completes the proof. □ 

7.2. Uniqueness. 

Proposition 7.3. Let u be a radial solution of (jl.ip . defined on [to,+oo), such that E[u) = 
E{W) and 

3c, C7 > 0, \\u - W\\^^ < Ce-^\^t > to. (7.22) 

Then there exists a unique a S M such that u = 11"" is the solution of (jl.ip defined in 
Proposition 

Proof. Let u = W + v he a radial solution of (jl.ip for t > to satisfying ()7.22p . Then v satisfies 
the linearized equation ()2.9p . that is, 

dtv + Cv = R{v), (7.23) 
Step 1: We will show that there exists yl G M such that 

V?? > 0, \\v{t) - ae-'^'y+\\^, + \\v{t) - ae-'°'y+l^^^^^^ < C^e'^-^o*. (7.24) 
Indeed, we only need show 

\\v{t)\\^, < Ce-ot, \\Riv{t))\\^^ + ||Vfl(.(t))||^(,^^^) < (7.25) 



which together with Proposition 17.21 gives (j7.24p . By Lemma 12.101 and Lemma 12.121 it suffices 
to show the first estimate. 

By (j7.22p . Lemma 12.101 and Lemma 12.121 we have 

\\R{v{t))\\ 2d +\\^R{v{t))Lj,,^ ,<Ce-2^*. 
Then Proposition 17.21 gives that 



e 



3 ,rr^^^ 

If — c > eo, we obtain the first inequality in (|7.25p . If not, an iteration argument gives the 
first inequality in (j7.25p . 

Step 2: We will use the induction argument to show that 

V m > 0, \u{t) - [/'^(Oll^i + ||u(0 - ^7"(i)|L(t,+oo) ^ (7-26) 

By Proposition 13.31 and Step 1, (j7.26p holds with m = |eo. Let us assume that (j7.26p holds 
with m = m\ > eo, we will show that it also holds for m = mi + ^69, which yields (j7.26p by 
iteration. 

Let u°'{t) = U"" — W , then we have 

dt{v-u'') +C{v-u'') = -i?(t;) + i?(n"). 

By assumption, we have 

\\v{t) - u^{t)\\^, + \\v{t) - n'^(t)|L(,+^) < Ce--^ 
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By Lemma |2 . 1 1 and Lemma 12.111 we have 

\\R{v{t))-R{n^{t))\\^^^^^^^ + ||V(i?(.(t)) < Ce-(-+^o)*. 

By Proposition 17.21 and Lemma 17.11 we have 

Vm > 0, \\v{t) - u^{t)\\^, + \\v{t) - < Ce-('"i+i"o)* < e-("i+5^o)*. 

Step 3: End of the proof. Using (j7.26p with m = (ko + l)eo, (where ko is given by 
Proposition 13. 3p . we get that for large t > 0, 

By the uniqueness in Proposition 13.31 we get that u = [/", so we complete the proof of 

Proposition . □ 

Corollary 7.4. For any a ^ 0, there exists G M such that 

U'^{t) = W+{t-Ta), tfa>0, 

U''{t) = W-{t-Ta), ifa<0. ^'■^'> 

Proof. Let a 7^ and choose Ta such that lole"*^"-^" = 1. By (|3.7p . we have 
W^it + Ta)-W- sign(a)e"^o*3^+||^i 

= \\U''{t + Ta)-W- ae-^o^^+^-^D^+ll^i < e^i"o(*+^'') < Ce^i'^o*. (7.28) 

In addition, C/"(t + Ta) satisfies the assumption of Proposition 17.21 this implies that there 
exists a such that 

Vit + Ta) = U^{t). 

By (I7.28P and (13. 7p . we know that a = 1 if a > and a = — lifa = — 1, this completes the 
proof. □ 

7.3. Proof of Theorem 11.31 Let us first show (a). Let ti be a radial solution to (jl.ip on 
[— T_,T+] such that, replacing if necessary u{t) by u{—t) 

E{uo) = E{W), llV-uoll^a < ||V^IL2, and ||u||^(o^-r^) = +oo. 

Then by Proposition 16.11 we know that r_ = r+ = cxd and there exist 9q €z M, fiQ > and 
c, C > such that 

\Ht)-We,,^o\\m^Ce"^'- 
This shows that u_g^ j_ fulfills the assumptions of Proposition [7?2l By H^ijl^fi < and 
Corollary \7A\ we know that there exist a < and such that 

U_g^^^{t)=U'^{t)=W-{t-n), 

which shows (a). 

(b) is a direct consequence of the variational characterization of W. 

The proof of (c) is similar to that of (a). Let n be a radial solution of (jl.ip defined on 
[0, +oo) (Replacing if necessary u{t) by u{—t)) such that 

E{u) = E{W), llViioll^a > ||VVF||^2, and uq G L^. 
Due to Proposition 15.11 there exist 6*0 G M, /io > and c, C > such that 
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Similar to the proof of (a), we know that there exist a > and Tq such that 

u_s^^^{t) = U-it) = W+{t-Ta). 
n 

This shows (c). The proof of Theorem 11.31 is thus complete. □ 

2d 

Appendix A. Uniqueness of the ground state in L^-z 
In this Appendix, we will use the moving plane method to show the uniqueness of the 

2d 

positive solution of the following nonlocal elliptic equation in L^-a 

1 

\x\ 



-Auj={-^*\uj\^]uj, (t, x) G M X M'^, d > 5. (A.l) 



Jet , 

Proposition A.l. The positive solution uj{x) of (jA.ip in L^-^ ) is radially symmetry and 
decreasing about some point xq and unique. Therefore the positive solution u{x) of (jA.ip in 

2d , 

Ld-2(M.'^) has the form 

d-2 

+ |x — Xol / 

with some positive constant cq and t. 

Remark A. 2. (1) The method of the moving planes was invented by Alexanderov in [1]. 
Later, it was further developed by Serrin [62], Gidas, Ni and Nirenberg [23], Caffarelli, 
Gidas and Spruck |5] in the study of the classification of semilinear elliptic equation 

d+2 , 

—Alo = uj d--^ , X G Er . Subsequently, Chen and Li [11] and Li [30] simplified its proof. 
Recently, Wei and Xu [G^ and Chen, Li and Ou [15] generalize the classification 

result to the solutions of higher order conformally invariant equations ( — A'^'^^'^uj = 

d-\-a. , 

ojd-a ^ X G M , < a < d. Li |45] use the method of moving spheres to obtain 
the same classification result as that in [15]. For other applications, please refer to 

2d 

(2) The uniqueness still holds for the positive solution in L^'^^ (W^) by the analogue anal- 
ysis as that in [15]. 

(3) The results still hold for the fractional Laplacian equation (0 < a < d) 

( - Ay^^u = (^j^ * Iwp^ oj, {t, x)£Rx M-^. 

That is, the positive solution in l'^^^^'^ is radially symmetry and decreasing about 
some point xq and unique. 

To do so, we first show the covariance of (]A.ip under the Kelvin transform. Denote Ku 
the Kelvin transform of w, that is 

1 / X 

Lemma A. 3. Let oj{x) he a solution of (lA.ip . then w = Koj is still a solution of (lA.ip . 
Proof. Note that 
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It is well known that 

Aa;(x) = 
Now we check the nonlinearity, 
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1 



* I (x) 



dy 



Hy)\' 

\x - y[ 

U y 14 1^ 



k(y)| 



\w[ 



2d 



dy 



X 



y\ 



2{d-2) 



dy = |x| 



1 



* \w\ 



where we use the following identity in the fourth step 

|4 



\y\ 





4 




V 




X 


\y\ 




v~(2~y 



Therefore, by (jA.ip . we have 

-2-dr . I X 



\X\ 



-Aw) 



* iwl 



\d-2 



W 



X 



This shows that w is also the solution of (lA.ip . that is, the equation (jA.ip is covariant under 
the Kelvin transform. □ 

Now, we transfer (jA.ip into the equivalent integral system ()A.3p . then make use of the 

. . 2d 

moving plane method in its global form to show that the positive solution of ()A.1|) in L<*-2 
is radially symmetric and monotone decreasing about some point xq G W^. For this purpose, 



(X1,X2, . . . G 



A G M, we define x 



X 



we first introduct some notations. For x 
(2A - xi,X2, . . . ,Xd), and 

ujxix) = uj{x^), vxix) = v{x^). 
Let Tj\ = {x = (xi, X2, • • • , Xd) G K'^, xi > A}, we denote 

T,^ ={x G T.x,uj{x) < ujx{x)}; S^^;' = {x G T.x,uj{x) < ujx{x)}, 
={xei:x,vix) <vx{x)}. 

We denote the complement of in M.'^ by S^, and the reflection of about the plane xi = A 

by i^tT- 

Let v{x) = |x| ^ * then (lA.ip is equivalent to 

^^^^^ dy, v{x) - t 



uj{x) 



\x - y\ 



\x - y\ 



dy. 



(A.3) 



By uj G L'^ and Lemma [2.21 we know that v G L'^/^. Therefore, it suffices to show the radial 
symmetry and monotone decreasing of the positive solution (uj, v) of (IA.3P in L^"^/^*^"^) x L'^/'^ 
in order to show the radial symmetry and monotone decreasing of the positive solution uj of 
([XT]) in L^d/{d-2)_ 

To do so, we decompose oJxix), u:{x) in Tjx and vx{x), v{x) in Tjx as follows: 
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Lemma A. 4. For any solution {uj,v) of ()A.3p . we have 



uxix) - uj{x) = j^^ - \^x^y\d-^ (u:x{y)vx{y) - u:{y)v{y)) dy, (A.4) 



yf \x^ - y\^/ ^ 

Proof. By ()A.3P and the fact that | x — y** | = | x'^ — y | , we have 

yRdk-yr JeaI^"^! JY,'x\^~y\ 

^{y)v{y) , , [ uj{y^)v{y^) 

dy + / T-_ — dy 



\x — y]"^ ^ Jj2^ \x — y^\'^ ^ 

^{y)v{y) , , f uj{y^)v{y^) 

dy + / TZi dy 



\x — yY^ ^ Jjix 1'^'*' ~ y^'^ ^ 

This imphes that 

By ()A.6j) and ()A.7p . we get (IA.4p . By the same way, we can show (|A.5p . □ 
Based on the above prehminaries, we can prove that 

Proposition A. 5. Let {uj,v) be the positive solution of (|A.3p in 1?'^/'^'^^'^) x L*^/^. Then uj 
and V are radially symmetry and decreasing about some point xqW^. 

Proof. The proof consist of three steps. 

Step 1: We show that there exists an A > such that for any A < — A, we have 

oj{x) > u}x{x); and v{x) > vx{x),y x £ S^. (A.8) 

Step 2: We move the plane continuously from A < —A to the right as long as (jA.Sp holds. 
We show that if the plane stops at xi = Aq for some Aq, then uj{x) and v{x) must be 
symmetric and monotone about the plane xi = Aq; otherwise, we can move the plane 
all the way to the right. 

Step 3: By Step 1, we know that the plane cannot move all through to the right in Step 2. 
That is, the plane will eventually stop at some finite point. In fact, by the similar 
analysis as that in Step 1 and Step 2, there exists a large M, such that for A > M, we 
have 

uj{x) < uJx{x); and v{x) < wa(x), V x G T,x. 

Now we can move the plane continuously from A > M to the left as long the above 
fact holds. The planes moved from the left and the right will eventually meet at some 
point. Finally, since the direction of xi can be chosen arbitrarily, we deduce that uj{x) 
and v{x) must be radially symmetric and decreasing about some point. 

According to the above analysis, we only need to show the facts in Step 1 and Step 2. 
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Step 1: For the sufficiently negative value of A, we can show that T,^ and must be both 
empty. In fact, for any x G S^, we have 

< / I ^-[^32 (^A(y)?JA(y) -^(y)^'(y)) dy 

J{y£ Ey.u>v<uxvx} F " 2/1 ^ ^ 

^(y) [vx{y) - v{y)) + vxiy) (^^x{y) - uj{y) 



i 



(vxiy) - 't^iy)) + vxiy) ( ^xiy) - ^(y) 



f 

J {y^ ^x- ujv<ujxvx, \x — ^ 



- dy 

dy 



r ^iy)[vxiy) - viy)) +vxiy)[ujxiy) -a;(y) 
+ / ^ ^ nr-^ -dy 



r ^iy) (vxiy) - viy)^ + vxiy) [^xiy) - ^iy)^ 

~^ J {ye Sy. u:v<uixvx, |2;_y|li-2 ^ 



< 



,„ 1^ l%^2 (^A(y) - viy)) dy + I {^xiy) - ^iy)) dy. 



'Ea - y\ ^ ^ 

Hence, by Lemma 12.21 and Holder's inequality, we obtain 

llt^A— <^ll 2d < ClIcjffA — f) II 2d + C||wa(wa — II 2d 

< C||a;|| 2d ||fA — I'll d +C'll'yAll d lli^A — "^11 2d . (A. 9) 
- II 11^,3=2 (25;) 'I "i^(sx) " "l^{e-)II "l~(E5^) ^ ^ 

In the same argument as above, for x £ Sa, we also have 

vxix)-vix) <2^^^^(^A(y)-^(y)) dy, 

and 

IkA-t'll d <C||a;A(a;A-w)|| _d_ < C||wa|| ^ ILa-^^H ^ ■ (A.IO) 

" "^^(SP " ^ ^"Ld-2(S^) II ll£^d_2(S^)ll "Ld-2(E;^) 

Hence, taking (jA.lOp into (jA.Op . we obtain 

IIcJa — _2d_ 

II llL<i-2(S^) 

< C||a;|| 2d IIi^aII 2d II^A — u;|| 2d +C||fA|| d ||a;A — 1^|| 2d 

II »L^{T.i)" iIl3=^(s^)|| iIl^(s^) " iil^(S5;)|| iIl3=^(s^) 

< C||w|| _2d_ ||<^aII .2d_ II^ja — 1^11 J2d_ +C||va|| d ||a;A — t^ll _2d_ 

II llLd-2(SA)" "Ld-2(S;^)II "L'i-2(S^) " "L^(Sa)" "Ld-2(E^) 

< ( Cjlwll 2d llwll 2d +C||w|| d iIIcja — f^ll 2d . (A. 11) 
- \^ II iIl^(Sa)" "i,^(s=) " iiL^(s^)yii 'Il3=^(S-) ^ ' 
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By w G and V G L'^/^ and the dominated convergence theorem, we can choose N 

sufficiently large such that A < —N^ and 

C||(x)|| 2d ||a;|| 2d + C\\v\\ d < -. 
II iIl^(E;,)II iIl^(s-^) II iIl^(s=J - 2 



Thus (jA.lip implies that 



\uj\ — oj\\ _2d_ = 0. 
I llLd-2(S5^) 



This implies that must be the set with zero measure, hence must be empty, up to a set 
with zero measure. By (jA.lOp . also must be empty. 

Step 2: We move the plane xi = A to the right as long as (]A.8P holds. Suppose that at 
some Ao, we have 

uj{x) > uJxoix),v{x) > vxoix), on Sa,,, 
but uj{x) ^ ujxoix) or v{x) ^ vxo{x) on Saq. 

We show that the plane can be moved further to the right. More precisely, there exists 
e = €{n,uj,v) such that uj{x) > ujx{x) and v{x) > vx{x) on for all A G [Aq, Aq + e). 
In the case 

v{x) # vxoix) on Exo- 
By (IA.4p . we have that uj{x) > ujxq{x) in the interior of Saq. Note that 

I I = 0, and lim S't^ C S^. 
I Ao I ^^^^ A - Ao 

From (|A.9P and (|A.10p . we have 



Wa — W 2d < C Li 2d \\uj\\ 2d , s + C m d / N Wa — 2d 

II llLrf-2(S-) V "l^-MSa)" llLd-2((S^)*) II llL2((E-)*)y II llLd-2(s^) 

w G L'^/^ and | S^^^ | = and the dominated convergence theorem, we 
can choose e sufficiently small, such that for all AG [Aq, Aq + e), we have 

C\\uj\\ 2d \\oj\\ 2d I X +C||v|| dj, X < -. 

II iIl3^(S;,)II IIl3^((E5:)-) II IIl^({e-)*) - 2 
This implies that ||wa — ^ = 0. Hence, must be empty for all AG [Aq, Aq + e). It 

also implies that also is empty for all AG [Aq , Aq + e) . 
In the case 

^{x) ^ a;Ao(a;) on Saq. 

By (jA.Sp . we have that v{x) > vxg{x) in the interior of Sao. By the above analysis, we know 
that and must also be empty for all AG [Aq, Aq + e). This completes the proof. □ 

Now we use the elliptic regularity theory to show that 

Proposition A. 6. Assume that uj is a positive solution of (jA.ip in L^'^/^'^^^-' . Then uj is 
uniformly hounded in W^. Furthermore, uj is C°° and 



lim \x\ uj{x) = Woo (A. 12) 

\x\^+co 



for some positive number cJqo- 
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Proof. Step 1: We first show that w is uniformly bounded and continuous. For yl > 0, we 
define 

uj{x), Q, 



^ = {x €W,uj{x) > A} and 
Hence 



0, R'^\n. 



j2d/{d-2)^j^oo^ for any A > 0. (A. 13) 

Since w is a solution of (lA.ip , we have 



io{x) = / ■ 1X12 dy,y xe 

\x — ^ 



This implies that for any x G $7 

^^dx) = / — I .,d-2 — 
F — yi 



♦ IcjAni^ACy) , /■ (I • I * 1^^ - a;An^A(y) , 

+ / , UTo dy 



\X - y\'^ 2 J^^ _ y\d 2 



*\uja\'^){uj -UJA){y) , f (I • I ^ *\UJ -UJa\^){^ -UJA)iy) ^ 



\x — y\'^ 2 J^d \x — 2 



C||wA||i2d/{d-2) < t;- (A.15) 



For any r > we have by Lemma [27 

||wA||j;^r ^ C'||a;A||^2d/(d-2) II'^aII^,- + C'||'^A||^2d/(d-2) — ^A\\^2d/{d-2) \\^ " 1 1 

II 1 1 2 II II II 1 1 2 II II 

+ C'||a;A||^2d/(d-2) - ^Allj^r + C\\^ - WA||^2d/(d-2) - ^All^r- (^-14) 

On one hand, from oj G L'^'^/i'^^'^) ^ we can choose A sufficiently large, such that 

,2 . 1 

2' 

On the other hand, by a; G L^'^/^'^^^^ and ()A.13p . we easily verify that 

||^A||^2d/(d-2) + ||w - a;A||^2d/(d-2) + 11^^ - ^A||^r < C{A). (A.16) 
Taking (lATTSl) and ([Al6]) into (lAlill . we have for any r > -4^ 

1, 
V 

which implies that oja G L"^ for any r > -j^. Therefore, we have oj U for any r > -j^- By 
Lemma |2.2| we have 

2d 



|wa||^, < :t||wa||^. + c{A), 



-Ao; = (I • I * G V , for any p > 



d + 2' 



From the theory and the Sobolev embedding theorem in [63] , we know that u is uniformly 
bounded and C^'"^ for all < 7 < 1. In fact, we also have uj G C°° from Theorem 4.4.8 in [5]. 

Step 2: We show that to has the asymptotic behavior at infinity. We prove it by contradic- 
tion. Consider the Kelvin transform solution: 
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Applying Proposition IA.5I to U{x), we conclude that U{x) must be radially symmetric about 
some point and continuity. Hence 



lim \x\'^-'^uj{x) = f/(0) > 0. 

\x\—^+oo 



This completes the proof of Proposition IA.6I 



□ 



Finally, the uniqueness in Proposition lA. 1 1 comes from the scaling covariance of (lA.ip and 
the uniqueness of ODE theory. This finishes the proof of Proposition lA.ll □ 

Appendix B. Coercivity of ^ on H-^ n if^^^ 

In this Appendix, we prove Proposition 12.141 We divide the proof into two steps. 
Step 1: Nonnegative. We claim that for any function h £ H^, (h, = 0, there exists 

> 0. 

Indeed, let 



I{u) 



\Vu\ 



\u{x)\^\u{y)\ 
\x - y|4 



dxdy 



\VW\ 



W{x) W{y) 



(B.l) 



dxdy 



\x - 

By Lemma |2.6^ we have 

yu£H^, l{u)>0. 

Choosing h G such that {W, = 0, a G M, we consider the expansion of I{W + ah) 
in a of order 2. Note that 

|2 \ 



\V{W + ah)\\; = \WW\\; {l + 2a^ 



h 



\W\ 



and 



// 

// 

+ 2a 
+ a' 

II 

J JW: 



\W{x) + ah{x)\'^\W{y) + ah{y)\ 



\W{x)\ \W{y) 
\x — 



X - y\ 

2 



dxdy 



dxdy 



\W{x)\W{y)hi{y) + \W {y)\W {x)hi{x) 
\x — y\^ 



dxdy 



\W{x)\\h{y)\ + \W{y)\\h{x)\ + AW {x)hi{x)W {y)hi{y) 



\x - y\ 



dxdy + 0{q^ 



\W{x)\^\W{y)\ 



\x - y\ 



dxdy 



l + 2a- 



II 



\W{x)f\h{y)f + 2W{x)hi{x)W{y)hi{y) 



\x - y[ 



dxdy 



IvfII^- , 
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one easily shows that 

I{W + ah) = ^ 

\M\m \ 

where we have used the facts that 



1^1 



\W{x)\\h{y)\ +2W{x)hi{x)W{y)hi{y) 
\x - y|4 



dxdy 



\W{x)yW{y)hi{y) 
\x — 

\W{y)\^W{x)hi{x) 
\x — y\'^ 
\W{xf\h{y)\ 

\W{x)\^\W{y)\ 
Ed \x-y\'^ 



dxdy 



dxdy 



dxdy 



dxdy 



-AW{y)-hi{y)dy = 0, 



-AW{x) ■ hi{x)dy = 0, 



\Wiyf\hix) 
\VWfdx = C-\ 



dxdy, 



Since I{W + ah) > for all a G M, we have 



\Vh\ dx 



\Wix)\ \h{y)\ +2W{x)hi{x)W{y)hi{y) 
\x — y\^ 



dxdy > 0. 



Step 2: Coercivity. We show that there exists a constant > such that for any radial 
function h G H-^ 

^{h) > c*||/i||lfi- 
We rewrite ^{h) = + ^2{h2), where 

1 



{L^hijhi dx 



|V/ii \ ^ dx 



mmi^ .... 

'xK'' F ~ y\ 

W{x)hi{x)W{y)hM 



\x - y\ 



dxdy, 



and 



(L_/l2)/l2 dx 



\Wixr\h2{y)\' 
\x — y\^ 



dxdy. 



By Step 1, L_|_ is nonnegative on {TV}"*" (in the sense of H^) and L_ is nonnegative. We will 
deduce the coercivity by the compactness argument [69', Proposition 2.9]. 
We first show that there exists a constant c such that 

^>i(/ii) > c||/ii|||^i, 

for any radial real- valued ij^-function hi E {VF, T^}-*- (in the sense of H^). Assume that the 
above inequality does not hold, then there exists a sequence of real-valued radial ij^-functions 
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{fn}n such that 

fn^H^, hm $i(/„) = 0, ||/„|Li = l. (B.2) 
Extracting a subsequence from (/«), we may assume that 

/„ ^ /* in H^. 

The weak convergence of G to /* implies that /* e H^. In addition, by compactness, 
we have 



'xRd JjRdxRd \x-y\^ 



W{x)fn{x)W{y)fn{y) ^ ff W{x)Mx) W{y)fM ^^^^ 



\x - y\ 



J jM.'^xR'i \x — y\ J Jr^ 

Thus by the Fatou lemma, (|B.2p and Step 1, we have 

0<^i(/*)<liminf$i(/„)=0. 

So we conclude that /* is the solution to the following minimizing problem 



L+/ • / dx 

II'' lliifl 

Thus for some Langrange multipliers Ao,Ai, we have 

Note that {W,W)^i = and L+{W) = 0, we have 

0=/ hL+{W)= f {L+f,)W = \i\\W\\\,^\i = Q. 

JRd jRd 



This tells us that 

L+/, = XoAW = -Ao(|xr^ * \W\'^)W = yL+VF. 



By Null(L_|_) = span{14^} in Lemma [2. 131 there exists /xi such that 



Using f^, G H^, we get fii = and 



This implies that 



= <^>l(/*) = ^MW) = ^HW) < ^ Ao = 0. 



Therefore, we have 

/* = 0, and /„ ^ in . 

Now, by compactness, we have 

\Wix)\^\Uy)\' _^ g ff W{x)fn{x)Wiy)fniy) 
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By ^i(/n) in ()R2|) . we get that 

llWnlla^O, 

which contradicts ||/n||£fi = 1 in (|B.2p . 

Using the same argument, we can show that there exists a constant c, such that for any 
real- valued radial i^T^ -function /i2 G {VF}"*", we have 

$2(/l2) > c||/l2|||i. 

This completes the proof of Proposition 12.141 □ 

Appendix C. Spectral properties of the linearized operator 
In this Appendix, we will give the proof of Proposition 12.151 
C.l. Existence, symmetry of the eigenfunctions. Note that 

Lv = —Cv, 

so that if eo > is an eigenvalue of C with the eigenfunction y^^-, —eg is also an eigenvalue 
with eigenfunction = y^. 

Now we show the existence of 3^+. Let = 5ft3^+,3^2 = ^y+, it suffices to show that 

-L_3^2= eo3^i, L+3;i=eo3^2. (C.l) 

Prom the proof of the coercivity property of on n H^^^ in Proposition 12.141 we know 
that L_ on with domain is self-adjoint and nonnegative, By Theorem 3.35 in [29l Page 
281], it has a unique square root (L-)^^"^ with domain H^. 

Assume that there exists a function / G H^ad such that 

Vf = -elh, V := [L.f'\L+){L.f'\ (C.2) 

Then taking 

y,:={L^Y"f, y,:=^{L+){L^f"f 
' eo 

would yield a solution of (jC.ip . which implies the existence of the radial y± by the rotation 
invariance of the operator C. 

It suffices to show that the operator V on Lp' with domain H^^^ has a strictly negative 

eigenvalue. Since P is a relatively compact, self-adjoint, perturbation of ( — A)^, then by the 



Weyl theorem [271 [29] , we know that 

(Tess{V) = [0,+00). 

We only need to show that V has at least one negative eigenvalue — Cq. 
Lemma C.l. 

a^{V) := inf{(P/,/)^„/ G H^^^, ||/||^, = 1} < 0. 

Proof. Note that 

{Vf,f)^, = {L+F,F)^„ F:={L_f'^f, 
it suffices to find F such that there exists g G H^^^, F = (A + V)g and 

(L+F,F)^2<0. (C.3) 

Since W G L'^{W^), we have 

Ran(L_)^ = Nun(L_) = span{H^}, 
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Thus 



Ran(L_) = {/GL2,(/,VF)i2 =0}. (C.4) 
Note that is a self-adjoint compact perturbation of —A and 



[L+W,W)^^ = -'^ j iVVFp dx < 0, 



we easily see that L+ has a negative eigenvalue. Let Z be the eigenfunction for this eigenvalue 
(it is radial by the minimax principle). Note that L^W = 0, then for any real number a, we 
have 

Eo:= I L+{Z + aW) ■ {Z + aW) = f L+Z-Z<0. (C.5) 

Since 

we can choose the real number ai such that 

{Z + aiW,W)^,=0, 

which means that 

((L_ + 1){Z + aiW),W^^^ = (z + aiW, (L_ + 

= {Z + aiW,W)^,=G. 
By ()C.4p . for any e > 0, there exists a function G ^rad such that 

\\L_G,- {L^ + l){Z + aiW)\\^^ <e. 

Taking 

:= (L_ + l)"'L_a, 

we obtain that 

\\{L_ + l){F,-{Z + aiW))\\^,<e. 

This implies that 

-{Z + aiW)\\^, < e\\ (L_ + 
Hence for some constant Co, we have 



[ L+F,-F,- [ L+{Z + aiW) ■ {Z + aiW) 



<Coe. 



By (1051) . we have (iOSl) for F = F^,e = □ 

C.2. Decay of the eigenfunctions at infinity. By the bootstrap argument, we know that 
y±£ C°°nH°^. In fact, we have y± £S. By (fCT]l . it suffices to show that G 5. Note 
that 3^1 satisfies that 

{el + a2) = - 2A (-^ * (wyi) -w]-! (-^ * {wyi)] (-^ * \wA ■ w 



Thus, 



x\ 



ieo-Afyi=-A{ — * \W\^ .yA-( * \w\^ .AyA-( — * \w\^ ] -yi- leoAy^ 



\X\^ Vlx|4 ' ' V Vb|4 
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- 2A * {wyi) -w^-i * (wyi)^ * • w. 

Because of the existence of the nonlocal interaction on the right hand side, the decay estimate 
in [16] does not work. From the Bessel potential theory in [63], we know that the integral 
kernel G of the operator (eo — A)~ is 

G{x) = ^J^ e .Je 2 -. 

Hence we have 

(2) there exists c > such that 

G{x) = o(e"'^l'^l), |x| +00. 
Then the conclusion follows by the analogue estimates in [2H [36] . □ 

C.3. Coercivity of <I> on G±_ n Hl^^,. Let / G G_l n we now decompose /, 3^+,3^- in 

the orthogonal sum = H @ : 

f = aW + h, y+ = T]iW + + CW + h+, 

y_ = - 7]iw + + CW + h_, 



where h, h^, /i_ G PI H^^^^ and h- = 
Step 1. We first show that for any / S Gj_, 

Mf) = -%^^^^ + Hh) (CO) 

By <&(3^±) = and Remark I2.16[ we have 

C^$(M^) + = 0, C^$(VF) + = 0, 

Since / S G±, we have B{f,y±) = 0, which implies that 

aC^{W) + Bih, h+) = 0, qC$(T^) + B(h, = 0. 
Thus we have _ _ 

$(/) = aMw) + m = + 

Step 2. Next we show that 

hi ■=^h+^ 0, h2 := 9 /i+ / 0. (C.7) 

In other words, /i+ and /i_ are independent in the real Hilbert space H^. 
By conclusion (a) in Proposition 12 . 1 5l we have 

L_y2 = -eo3^i, L+y^ = eo3^2. (C.8) 

We show ()C.7p by contradiction. First assume that /12 = 0, then from the decomposition 
of 3^+, 

3^2 G span(VF), 

which is the null space of L_. Thus, >C_3^2 = 0, together with (jC.Sp . implies that = 0, 3^2 = 
0. But it contradicts the definition of y^. 
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Similarly, assume that hi = 0, and by (jC.Sp . Lj^W = and the decomposition of 3^+, we 
get 

3^2 = —L+yi = —L+i^w + cw) = —L+w = -2—{\ ■ \-^*\w\^)w, 

Co eo ^ ' eQ eo^ ' ' ^ 

yi= - — = — (a + 1 • * w?) 3^2 

eo eo V ' ' / 



4(A+i-r^*|i^l') {\-\~u\w\'')w. 



A direct computation shows that span(VF, VF), which contradicts the decomposition of 

y+- 

Step 3: Conclusion of the proof. Note that ^> is positive definite on n -ff^^^, we claim 
that there exists a constant h € (0, 1) such that 



MX G H- 



B{h+,X)B{h^,X) 



< b<^{X). (C.9) 



Indeed it is equivalent to show that, by the orthogonal decomposition on H-^ related to B 

( B{h+,X)) \ ( B{h^,X) \ 
b := max , , < 1. 

Applying twice Cauchy-Schwarz inequality with B, we get b < 1. Furthermore, if 6 = 1, 
there exists X ^ such that the two Cauchy-Schwarz inequalities become equalities and thus 
X G span{/i-|-} n span{/i_} = 0, which is a contradiction. Thus 6 < 1. 
Now by the coercivity of ^ on H-^ n H^^^, ()C.6P and ()C.9p . we have 

^f) > (1 - bMh) > ci(l - b)\\h\\l,. (C.IO) 

From the decomposition of /, one easily see that a'^^{W) + = ^{f) > (1 — b)^{h). Since 
^{W) < 0, we have 

b^ih) > a'\<l>iW)\ = a^\\w\\l,. =^ C7$(/) > a'\\w\\% + \\h\\l, = \\f\\l,. 
The proof is complete. □ 

C.4. Characterization of the real spectrum of C. Note that £ is a compact perturbation 
( 'a 'o ) ' ^^^^ essential spectrum is iM.. Consequently, G cr{C) and (t{C) D (M\{0}) 

contains only eigenvalues. Furthermore, we have show that {±eo} C cr{C). It remains to show 
that ibeo are the only eigenvalues of C in R\{0}. 

We argue by contradiction. Assume that for some / G H^, we have 

Cf = eif, ei GM\{0,±eo}. 

By ([2221), we have 

(ei + eo)B{f, y+) = (ei - eo)B{f, y^) = 0, eiB{f, f) = -eiB{f, /). 

Thus 

B{f,y+) = B{f,y-) = o, B{fj) = o. 
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Now we write 

WwW -, WwW , 

II \\m II \\m 

By the coercivity of on G± in Proposition 12.151 and Remark \2.1(j\ we have 

= B{f,f)=B{g,g)>\\g\\l„^g = 0. 

thus we have 

eif = Cf = i]C{iW) + -iC{W) = 0. 

Since ei ^ 0, we have 

/ = o. 

This contradicts the definition of the eigenfunctions, and so we concludes the proof. □ 
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